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ABSTRACT

Bayesian Inference for the Proportional Hazards Model

with Frailty using R

Jeon, Jun—hoon
Advisor : Prof. Chang, In-Hong Ph.D
Department of Computer Science Statistics,

Graduate School of Chosun University

Survival analysis 1is, statistic methods analyzing data about lifetime which
gotten in animal experiment or clinical demonstration, or survival time. Statistic
analysis of survival time is applied widely in not only medical and physiology
but also technology and sociology.

Generally when analyzing survival data, we use Cox(1972)'s proportional
hazards model which doesn’t need a assumption about distribution of survival
time when there are covariates which have effect on survival time. Cox's
proportional hazards model assumed that every subject’s survival time 1is
independent each other and relation along covariates is linear. but in survival
data which doesn’t satisfy the independent assumption about survival time, use
of cox’s proportional hazards model isn’t proper. Many researchers suggest the
frailty model to solve this.

In this paper, we compare and analyze the Cox's proportional hazards model

and frailty model using Cox'’s partial likelihood by using real data.



A1 A

A EWA (survival analysis)ol &, T4 T Azte] YA FHolA dox+=
49 (lifetime), & AJ<EA17H(survival time)oll #3 A5 E BXs= A4 W
S dPE Folth AEAZIY FAAA B4 95t 9 Ay shitofo A Mk o}
Yl Fotolu} AS e 5o EolAE deE §8FH Ut dE EW, AR &
AEel 9d] AEE w2 g A= x=

O

dukd o2 AEA T (survival data)E EA T o, AEAT dEFEE A= F
W (covariate) 50l e B¢ ALY Exo B 7MA S
Cox (1972)¢] ¥] 49 & =& (proportional hazards model) S A}-&3+c}.
Cox® HHAFRGL Az el el ojud Zx = 7FAGA Fom=
H Ao A uk o] ZAG ] IAAFE FATTE ol B4 Bt {4
Slo] w49} wao] FIHA 9l F M4 (semiparametric) ¥ olgtal dAo] R
gt Coxdl HlEATEREY S & el 714, 5 vdA ST A A
Zsle 2 u 8 Y43 7 28 (proportional hazards regression model)o] 2t %
Cox9 HHATEE LS BE ATHYAEY ATl AR Hgolal, g

=3t #AE Aol AT 22y A AIZ O] B SH Mo v
B AEAEANA Coxd RlEAIANTEGY ALEL2 BFFstA &tk of& &
g oz oy gaEL Y dEH R (frailty model)S Al Q3| T
ATNA, 272kl A digk $1F &9 (hazard function)® 93 &< (risk
factor)o] v} A A ¢l ®W <= (explanatory variables)o] 9 &8 £% X% HE =
© 283 Waese 4y e A SAE F Ade A2 okdul o] 9199
T dEA dA ¥ Aoy #AAHA ge HAFacdE A o]HAA
(heterogeneity) ol Yt Z & & E] (frailty)2t 2 &2 & o] &&= Vaupel®} Manton,
Stallard (1979)°ll ]3] A& A7H% At}
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(bayesian approach)®¥ ™ol QFHolA= &H#3t AAako] 7Mesixich a8ln 24

Howe o8 =AM A=A ddd Aouies Zddy £x9 714
9]% (baseline hazard)®] ®Hg e 7} tharh, Ty de mao ek mEH H

- g AERF gk 9ol & 7] A ¢ ¥ (Weibull baseline hazard)S 7}% i
dYE 28 13359 Sahu®t Dey, Aslanidou, Sinha (1997)2 5§ A 7] = it}

w52 g A Ql (semiparametric) AW H Ed o Zo] mEHAEd, Clayton

vy

(1991) 3 Sinha (1993, 1997)+= 2ZY¥ =XE3JolAx +4 7]A4 £ ¥ (cumulative
baseline hazard) o2 Zul T2 A2 AHEIZTE 1393, Sahut Dey,
Aslanidou, Sinha (1997)+ tt¥® A&l tiste] znt ZHUEE o] &3 9ol
E 3 ARYEYS AAsEA L, Sinha®t Dey (1997), Aslanidou®t Dey, Sinha (1998),
223 Sinha (1998)& =72t¥ A4 7|4 9138 (piecewise exponential baseline
hazard)ell s Z#HdEH EFS =93A T Qiou®t Ravishanker, Dey (1999)%
oko] otx e dE] B F(positive stable frailty distribution)E A A& L
Gustafson (1997)3 Sargent (1998)& Cox¢] HESLEZ o] 83 Zydy EYPS
A A1 3F A o}, Ripatti®} Palmgren (2000)-2 ¥ 4 529 % (penalized partial likelihood)
E ol&dte oW ZEdy EYS FAH3 AL, Rondeau®t Commenges, Joly
(2003) A E A EFA F(maximum penalized likelihood estimation)& &%
(shared) vl ZHUE Ry AL APTF v EFAQ F4 A8 &
H

Atk A Al e 3L, Barkeret Henderson (2005)& &

re
o
k)
rlo
©,

et vl e dE Rl A (bias)E FASAT. ALt WA (20052
TS5 A (ties)7F B2 ZeldE EYoAM MEE F2E WHor wojxg FAES

(bayesian bootstrap)= AF-&3}o] E 9] AL ¥ (posterior distribution)& -3k

WHE AFeEAR AL, Yu(200600= A€ EM gagFel o3 49 ek zEd
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/toof(u)du.

S(t)=P(T>t)

ZHAFE (instantaneous risk of

o

3} 7ol Helg},

oS
=

£ (instantaneous risk of failure) 24 tf

3
i=4

)

Pt<T<t+At| T=>1t)
At

lim
At—0

h(t)

Pt < T<t+ At)
At

lim
At—0

t)

(2.2)

o

RESS

A zbolm] At—0= A tA1H

=
T

s Aoln T A

3 o] A

KN
=

e o

o, 919

(2.3)

3} 7ol Heolgr},

S
=

= g

= (cumulative hazard function)
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h (u)du.

H(t)
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H(t)=—1nS5(t)

(2.5)

St)=exp{—H(t)}.

o

Cox9 vl d 94

A3 A

Al Zkel 4

=
g

3

S X
L

v &) 9] ¥ 28 (Cox's proportional hazards model)

Cox(1972) 9]

Al

il =

59

T F(covariate)
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(multivariate analysis)°] X.th
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o
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= htlz)aztx

hy (t )exp (Bz)

h(tlz)

(2.6)

+ 6[)21))7

ho (t )exp (B2 + Bozo + -

(517 527 o

R ))

(21; 29,

) ﬁp ),: 4

(B =



9 =y A exp(Bz)e 4 0BT 2 #Fe 2 FFoly, B AHAA ¥
1xXpl sAAFHE, z& px1 T8z 9, h(t)s 14 98 @5
(baseline hazard function)® ] @3o] v A= FHFE Fgo] HFH Y2 o

B=09m) 2= AF MAL HF3F5oln

Aol wANGRYNA AANGTE hy(t)o] REE ARsE A3t AREA

AdEGoelet stal, 2EE 7HAeA B2 EYS Cox nlaAdrgolzt o

oA 7 Coxo HHAIERG ] 7MY FToF 542 A WA Ad A ST

FTHIFE gytol Hxol Athd L (ratio of relative hazard):= 7] A ¢

=

T

gk 34 flol= Alike] Zhsditt v, T FAte] kA W gt A A
73 0

i
ﬂ?‘J

hy (tlz) _ ho (t)exp (ﬁzl )
hy (tlz) ho (t)exp (Bz,)

exp (Gizn + ozt -0 + Bz + -0 + /gpzl[))
exp (Bi1zo1 + Bozoo + =+ + Bz + -+ + B]}ZQp)

(
(6
_ eXp(ﬁlzll—i_ﬁQZlQ—i_ R AR +ﬁpzlp)
(6
(

B exp (Bizo1 + Bozpe+ =+ + 3, 0+ -+ +/6])Z2p)

exp

i)
exp(0)
)

= exp (3,). (2.7)



(t:i.z:,0:),(i=1,2,-,n)= iox AAe B=9 A2 s ;= AALAA

o

e dod AE 9guEiy, ), T EE @A K (censoring indicator) 2 ¢, 7} A
AlZkol Qo] aL, ¢, 7F AFA A A ZEol ™ 10] ), z, & FH ol

MAE Abolell Mz FdF ATl EAeA W= B5E 7HAsHAR

totyo ty 2 AR ADRAAF b B AT ol Ao 98 AT (risk

2

Pl A% R ol a1 MAE FolA 38 2,9 ¢, A4 AAol] et Apzlo] 24 |

B Pl 2w 2,9 ¢, A A AMA] B Aol wa |
TP AR R ot 3AFE AP AAel ek Aol LA ]
— h(tilzz)

Y h(tilz;)

jE R,

hy (ti )eXp (52% )
Z hy (ti )exp (ﬂz ,)

JjELR;

_ M (2.8)

E €Xp (ﬁz j )

JE R




Qubael SEFFE EE U9 BE A U $me] 7o FHz e

=
W, BESEE $AE WE Al U@ 4 8% 2L 21 HBE Fo I
Bz vehdh mebd nale) B FeIA Abde] Qeld 7 keb, FRIEF
e vhew 2o xdAn

L(B) = H exp(Bz,) (2.9)

Aol Aola Bw ojn] b Apdo] wAHE JhAlet ¢ HA AR A Aol dEd
AA B AdFFs B2 AADG. dustd ol 52 o o] ;A A A

i

InZ(8)=In ]ﬁ exp (Bz,)
1Y exp(Bz))

JE R

_ iln exp (Bz;)
el Z exp (,Bzg)

JE LR,

Y n (exp (B2:)) — Yn {3 exp (82,) )

i=1 i=1 jER,

= Zﬂzi - Zln{ Y. exp(Bz;)}. (2.10)

i=1 i=1 € R,

A AolA HAudstes B zow Hu oy wE-AE Ly E(Newton
-Raphson algorithm)< ©]&3F¢] S 4 9t}

_9_



T, ;5 AR el AR A et sta, Die AR oA Abzde]

e wE AN eldw Bk 245 AL oA Ade] BAT BE A

of tg z;ol Folv, B= ARb A AR 9F stell = BE NAE

o Agelet A olsk 2ol AAE 1ol FAD AAWAAI] AT W ¥
BSEHSEE To7 98 2 A4 Aol Aok

1) Breslow(1974)e] &3] #|¢tel FE=3g

ool

rr

gest 2o

=
T

LB)=11I =2 (2.11)

H - b . (2.12)
[ % w2 - e (553 5
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3) Kalbfleisch and Prentice(1980)¢] <]&l AI¢td FE¢=ddF+ o2 2.

d;

LB)=11 /OO 1 —exp|— exp (Bz;) tllexp(—=t)dt| — (2.13)
ol 7=t Zexp(ﬂz,

R, ARIEAY AR Afolel] EdR FgEC] EAEA d=ud fo A =

A5 A vEAAd JHAel A HE

Coxdl MANGRG e naAd APPFE AF DT web AZEH oA Cox

MEAEED S o8 AFol= o 7HA ] AHst=AE Ldotrotop dhrt WA

(1) =3
&

(2)

olo} Fo] HHA 71AHES Adde WHORE IYZE o]f3te AdHo=
AE3S= WHH} time-dependent W40 W HAFTAFS o]&ste] HAdstE W

W, 283 ZFAE dES s Wl itk



51 LLS(Log-Log Survival) Z#8|Z & o] &3 HHA7IAY HE

A

AEsaa s BWgol b W 1 gwe] gl uheh virelxl 7t
S

}_:[l_
s 7 F olE of&ste] AEARE to] of

(ot

—~
~+
~—

ol A 9] Kaplan-Meier A <&
log [~ logS(t)]& @t} o] a2 LLS(Log-Log Survival) 1@z} Rz

Wl oju] wE g tel AP FHWE 27k JowA E gE Fwge by
NAe AESE ASoE AEALL to] F log[—logS(ta )& =A@

A7A zE AL AESFLA st Urold R £ AAESe ro Hi
zrolth, LLS 227t HAMo]lE IFAMo)l=EX 7ho Aoz Hast kAs o
H O g Ee vEAd e YuiE A v dadt oo [2¥ 2112

o
LLS 28§27} e $4S 2HoFE Flolth

(i) (ii)

|

(iii ) (iv)

7

[ 211 LLS 28 Z2] g

v

N
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29 ()9 GiDAW LLS 2dxe Fei7k 403t |9 shol2 REe
o, we aeme Felzt Ade] ohyrets WA BAE GopE F 9l
9. (e A% ¥ wel 9Tt AR vdAd w6l dow (v)e] Age
oo SRR WA A DA obUh A shol R wAPARE wE e

o™ Coxo wHAIRHEL 28 (1)5 £33}

o
hass

T oWss 27 ARY 129 Adels A oAl F BAZ Azy 19 94, A
29 13 oy, AW 29 W4, a3 ARY 29 o4 v ToE

LLS 28§22 23 A3 o] Y #9o IFHo] A= Hao] ofyagtd F W Alo]

of mEAEo]l 9 AOE WUy myel T W5 wEAFS Frhslor Bk,

5.2 Time-dependent W& o] &3 vjgAd 7149 A&

2= FWEEF o]l dF AAREH dEA a1 JgFo] WMol girta s}
At A Ak wkok A|7bol| uwle} FwWFo] gyrp WS, 1
a7 Bl AFYdHolof st ol g Wrh AMYE B
o] YUY A w=t}l uax AEZAzro] uwla ko] Wt Wo] e oA
AR w2 AFTF vl 7ol g AA o] Hrt

= 5o F A8 L2 Yl W 27F A 2 A zo] gig n

#Ad 7HAel AT d 2=04d "o z2=1¢ uo] JFTF= A= vdHd &
Al, ThAl EEH Al ZRell ti s Rt o] #AVE A "HE ook gkt

= 98857 h(tlz) =hy(t)exp(Bz )2 82 o 2=09 W} z=19 u
o] g eFe] v Aztate Fud exp ()7 B

oAl o] Wol Wit WlHEA JHAE AAE AAste g Zo] B F oW
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h(tlz )= hy(t)exp (Bz + 2t ), (2.14)

g 2t-golm, o] o= Akl u}

o 7| A = 71 & 7] 0] 3
W F XE5ET fPEggo v=

al
g et e 4R gAHeE dug o

gest 2.

Mtlz%ll =exp(B+t), (2.15)

ek 93G5 HlE A7t s8] uwgt WelE R ulglAd 7ol A YA
Al Er

71M W y <00 P v Aol wel Haske] webd e
Aage] gart 71E) ABHREY Agro] Ade] wEk P Ee] Fopxivka W
ok odom, y> 001 fATF wTE AFke] Ande] wt AAER R

A5l gt 71+ A8y aduy Aol Adel wE fPE] A

_14_



A3 ZHAdE
AllA e ZALEE LT nAAIRY

LY LE R 89 2HF FAYEE Dol ¥
(random effect)& =gttt o] ZHUAHE o]
HH YA RE S A2 ofd 29
3 4 otk

60 =1,2,p, j=1,2,-,¢)5 i AA Ml T jAA A5 HEAo]
ghal akAb oA 7|4 g = A AR did s FE vt kA s F

& N= Y g olth a8l o T8 Tade] RYolA, ¢ 2R APLTE i
i=1

A QA BEE A g2z dE ) o W w, ok 1" T 2;7F FoIA

O @e W oo o] e 4 ol
h(ﬂwu zij) = hy (t )wi exp (ﬂzij)y (3.1

1=1,2,-p, j=1,2,--,q;, 71X B+ LHAA &2 1Xp IAAFHE |,
ho(t)e 714 918 ok aela z,5 i WA A Qi jaA A5 Fugol
t}. o] 29 Vaupel®} Manton, Stallard (1979)o 9l a A2 A|7]1%¥ AL, Clayton
7 Cuzick (1985) 12831 Oakes (1986, 1989)0 <]3l A=t} o] 52 UnbzQl
WS 2 dE w ol dtiste] EEAQ RES AR SHE Aol

i
, BO-AGPE 2 2& ¢ H i (finite mean) ZEUE EX = 159 o] &4

A
3 (positive stable distirbution)®} #< 53 3 (infinite mean) X & A}§3}

= o] vt

_15_



7okt 3 (gamma distribution)~ ZHYH w,E EH o2 st §3 A Zy Y
H BEXe ASE 7P dabAQl Exojth vt zHYdy B2 wELS vad
e Fx=E 7S

w; ~ Gk k), (3.2)

A7NA k= w7l:é‘o/] G AR Fo BAlolt}, oy ko ol ¢ AXW MAE AF
oo o] A Al (heterogeneity) = © 71 7& o|n gt}

a8 3 w = (W, Wy, w,) 0l W eg AL & gl

T (wlk)oc Hw lexp (— kK 'w; ). (3.3)

i=1

Sargent (1998)3} Gustafson(1997)2 Cox9 HESZo 7125 & o] At
ZYP Ay EHEE =oetdth. Coxe HFiEvEv Yo Ert 29 Ao H&=

Aol maity. of Aoy § 7hx 2AE & e dHS uE e A

o] H e FgENME A7H & = (full likelihood)E AF-§381#] F=the Zo|th
AR o] W el A2 A 54 8 (prior specification) o] 91 9= Al A8k, Al
AbE gEsA @obe del Atk FESEE AL e Aol ud ERFAA e

Acksl At gvbagel Coxdl MALBRG FA 1A A@ol AgHAL
W, BESEd B AW FEoAA 209 B Fu SEe £H gha

EAbo] Fet = Fkohar A w3k Kalbfleisch (1978) <] a4 ¢4 ¢}

_16_



Sargent (1998)& A =44 (reparameterized) ZH UE] Z 3o & A3
2% b =1In(w;) 3 2o Aoetda, i A MAN HE jAA e 9P
E o 2ol YEr T

h (t|zij7 b; ) =hy (t )wi exp (ﬂ%)
= hy (t )exp (bi )exp (,an)
= ho(t)exp (Bz;+b; ). (3.4)

k
 + b
L(g.b10)= 11 exp Bzt b)) (35)
i=1 X;Bexp(ﬂzj—!—bm)
J € Iy

of 714 D dHlolEl & ou|stal, k& ty,ty, -, 1,5 TASE A SR Aol &
m, A2 g2 YEAZY AFE gud bpne BEAL G B A8 23

-z dE(log-frailty) ol vk, Le]ar R+ AZF ¢ vtz Aol 913 Fgolvh. =3,

(0. B)2 e ns B9} oo UF AUAAETE uditu I w, 2
o] o] 3 AERE 7(8,b,0% D)= a3 o] mAw}
7(B,b,0%D)oc L(B,b|D)r (blo* ) (o2, B ). (3.6)

_17_



Bt b BTES W7 94 Sargent (1998) W% mERZg~ dugH
(univariate Metropolis algorithm)< A}&3tth, 28|31 ¢4A % fgiile HEESZ
L(B,b|D)E Ag3t7] W&o bS53 B9 %A (conditional posterior)E-& H]
Bxolth, old thafA e,

¥ (Gibbs step)S Ab&sla, 28 A EE wE= tha

k|
N
ol

N (conjugacy) AP EXE o]$T = S w P&
Eis

| 2
7}YA 1, 7wl candidate X9 @A AW d|~®W 2~ @A (univariate

Hastings step)ZS A& 3%k},

2
o

Cox9 HE$%=9 AAL Therneau (1994)0] <Jsf 7Rt

i,
o%
i
4
s
B
Y
N

(survival routine package)E AF&3] F3T 4 Ao} o]
(stratified analysis)2 X838t QojA o] HFoll=
agla dolge F&FX7F A& 4% Efrone A

= =~ = = I~
E34E A9 5+ drh

k

L.(B,b|D) = H 4, exp (B +U(i ) . (37
'71H[Eexp (Bzj+b;)) — Zexp (Bz;+b;)]
I=1Jj€ R, ’ j€ D,
o] 71 A d;= AIZE ol Al Azl o] A e AR Y] Folal, DiE ARE ol A AR

o] HAF mE A Hedolgta ok R AR A AbAEAe] A st

jE D,

o]l Y= BE AAEL AT, 5= Y 2, v = ZDbm o] t}.
JE L
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[ 4.2] A g 2=

3 A(id) A A A ZH(time) Ao H(status) A H(sex)
1 8, 16 1, 1 1
2 23, 13 1, 0 0
3 22, 28 1,1 1
4 447, 318 1,1 0
5 30, 12 1,1 1
6 24, 245 1, 1 0
7 7.9 11 1
8 511, 30 1,1 0
9 53, 196 1, 1 0
10 15, 154 1,1 1
11 7, 333 1,1 0
12 141, 8 1, 0 0
13 96, 38 1,1 0
14 149, 70 0, 0 0
15 536, 25 1, 0 0
16 17, 4 1, 0 1
17 185, 177 1, 1 0
18 292, 114 1,1 0
19 22, 159 0, 0 0
20 15, 108 1, 0 0
21 152, 562 1, 1 1
22 402, 24 1, 0 0
23 13, 66 1,1 0
24 39, 46 1, 0 0
25 12, 40 1,1 1
26 113, 201 0,1 0
27 132, 156 1,1 0
28 34, 30 1, 1 0
29 2, 95 11 1
30 130, 26 1,1 0
31 27, 58 1,1 0
32 5, 43 0,1 0
33 152, 30 1,1 0
34 190, 5 1, 0 0
35 119, 8 1, 1 0
36 54, 16 0, 0 0
37 6, 78 0,1 0
38 63, 8 1, 0 1

x 919 A5+ McGilchristet Aisbett (1991)9] w=itoll A 3 gk A &2 5 o]t}
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model
Exact 0.840 9.32 0.299 (0.255. 1.426)
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A# 32 dolE e LLS 2 X s R T2

> library(survival)
> data=read.table("C:/realkidney.txt", header=T)
> data

id time status sex

T 1 8 T 1

2 1 16 T 1

3 2 23 10

4 2 13 0 O

5 3 22 1 1

74 37 78 10

75 38 63 1 1

76 38 8 0o 1

> plot.new()

> plot.window(xlim=c(0,550), ylim=c(-4,1.5))
> axis(1);axis(2)

> box()

> title(xlab="time",ylab="Log-Log Survival")
> fit <= survfit(Surv(time,status)~sex, data)
> lines(fit, type="b", lwd=2, fun="cloglog")
> lines(fit, type="I", lwd=2, fun="cloglog")
> text(25,1,"male")

> text(200,-0.7,"female")
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. Breslow(1974) 32 $%=3 45 o|&35 R T2

> library(survival)
> data=read.table("C:/realkidney.txt", header=T)
> data

id time status sex

11 8 11
2 1 16 [
3 2 23 10
4 2 13 0 O
5 3 22 [
74 37 78

75 38 63 [
76 38 8 0 1

> coxph.breslow <- coxph(Surv(time,status)~sex, data, method="breslow")
> summary(coxph.breslow)

. Efron(1977) B2 9% 342 o83 R =213

> library(survival)

> data=read.table("C:/realkidney.txt", header=T)
> data

id time status sex

11 8 T 1
2 1 16 T 1
3 2 23 10
4 2 13 0 O
5 3 22 T 1
74 37 78

75 38 63 [
76 38 8 0 1

> coxph.efron <— coxph(Surv(time,status)~sex, data, method="efron")
> summary(coxph.efron)
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. Kalbfleisch¢} Prentice(1980) A & 3$H(Exact) F & ¢+=85E ol &3 R

> library(survival)
> data=read.table("C:/realkidney.txt", header=T)
> data

id time status sex

11 8 11
2 1 16 [
3 2 23 10
4 2 13 0 O
5 3 22 [
74 37 78

75 38 63 [
76 38 8 0 1

> coxph.exact <- coxph(Surv(time,status)~sex, data, method="exact")
> summary(coxph.exact)

. Frailty & o] &

<t
=)
[kl
il
u
)

> library(survival)

> data=read.table("C:/realkidney.txt", header=T)
> data

id time status sex

11 8 1T 1
2 1 16 T 1
3 2 23 10
4 2 13 0 O
5 3 22 T 1
74 37 78

75 38 63 [
76 38 8 0 1

> frailty.gamma <- coxph(Surv(time,status)~sex+frailty(id, dist="gamma"),data)

> summary(frailty.gamma)
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