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ABSTRACT

On the study of irreducible elements in composite

Hurwitz polynomial rings

Oh, Il Mok
Advisor : Prof. Dong Yeol Oh Ph.D.
Major in Mathematics Education

Graduate School of Education, Chosun University

Let RS D be an extension of commutative rings with identity, and
z be an indeterminate over D. Let R[z](respectively, D) be the
ring of polynomials over R(respectively, D). The ring R+zD[z],
called the composite polynomial ring, is between R[z] and D[z].
As a generalization of usual polynomial over R, Hurwitz polynomial
over R was introduced by Keigher. Let h(R) and h(D) be the rings
of Hurwitz polynomials over R and D, respectively. We introduce
the composite Hurwitz polynomial ring h(R, D) between h(R) and
h(D). In this thesis, we study when an element of A(Z,Q) is
irreducible, where Z and Q are the ring of integers and the field
of rational numbers, respectively. By using a relation between
composite Hurwitz polynomials in h(Z, Q) and usual polynomials in
Qlz], we give a necessary and sufficient condition for composite

Hurwitz polynomials in h(Z, Q) to be irreducible.
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]
ool wAQl ANERA F AeA dow, 1 TS AFHES Pk TY

R fJollA GAl + 3 4l - o] Hejro] 9l o}
(ring)olgkar sttt 499 a,b,cER W3}

o
o
2,
o
£
)
‘+
o
oy T

=

D (a+b)+c=a+(b+c) (A=)
2) at+b=b+a (g =)
3) 2 A& ac R Rt 54 a+0=04+a=a ©]
dHsthe 543 A& 0RO EA g
4) 2t 94 a& R WEto] a2l SOl WF A —e= R}
EA% 5, at(—a)=(—a)ta=00°]T}
2. (a'b)c=a'(bc) (A3 3)
3. a(b+c)=ab+ac, (a+b)c=ac+bec (vl E])

to® & RAAM EE A& a,bERY W abE DI abE RHIFEF Ak

A 2.2 3 RAAA T S WSAZIE 94 1€Re] EAT o, 1S Re
9] Y (identity) o] e} ar gho}.

2E 94 a€R st al=1la=a ©|T}.

3 RAAN BE A g bERY Ut ab=bao] AHEIT uw, RS 7}33

=

(commutative ring)e]g}aL st}
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A 2.3 499 1(17£0)S 714 7188k Rol A thSo] AHE uf, RS AY
(integral domain)®]&}aL 3hc},

ab=0 °o]"H ¢=0 %

rr

b=0
Aol 2.4 Y 18 7Fd & RollA 00°] ofd UA aER W3te] ab=ba=1

S WElE WA beRF EAE v, oF RO @Y (unit element)o]al sk I

o] Aol bE a9 FAA #F IA(inverse)olt il YA bE o 'E e
S AgeE # ¥z AygR 9o FauEd [8, AP 251, [10, AY
3.2.8]1% Fz3EF 3},
A 25 @9Y 18 713 3k RollA Re @ AA Y JFS URE UeblAL.
a8id UR)E #A40 tate] & o|Fa, o2 RS v+ (unit group)o]z} &F
=

g2 2.6 & Ro] 0°] ofd @9 15 7 g+ o,

ml=1+ --+1=0 (1e] m7i)

1402 W, RS ¥4 09 Foleka ).

U Ay & 43 HEl2 82 Faad (10, 48 3.11.3]1 #HE3eF
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A 2.8 3 RY BAY zoll tiste] v Z2 Eo FAZHA F3HgH(formal
infinite sum)< R Y2 ©&-2](polynomial)©o]2}aL 3T},

fl@)=ay+az+ --+aa"+ - (¢,ER)
(3t ME AL BE o] tale] q,=0)
aeal, R 919 ol w3 oA dAe 4FE Rlr] = ek

el Aol ay ax, - aa”, S GFA flw)e] Fermelet i 53] q
F&olgtar M ayay, -, a,, S fl2)e] AlG(coefficient)2Far e}, 1]

)
i,i>n 9l BRE o gatd ¢, =0 U o, f(z)2

’

mlm

(z)=a, +ax+ -—-+az"
f 0 1 n

o

o2 Yepith ,#0 & W, ng f(z)e] A5(degree)et stal ng degf(z)= v+
Aok, =3 gaa] FoM A5ds A9 BE AGT 09 fl@)=a, 5 F5UE
2l(constant polynomial)e]2} 3tal, 53] A4aS s 2E Al57F 091 A5t
FA1S dubdtAl(zero polynomialolebal stoh, 3 ROl Ui et FFThas

fw)=a% TAAN3t RS Rlz]olet A7a,

(

0.

a93, R A9 F v

fl@)=ay+ax+ --+azx", glx)=b,+bx+ ---+b 2" (n<m)

ol

of hste] S 3 FA - ke ol gel@h

flx)+glz):= (ao —i—bo)—i- (a1 +b1)ac-|— R (an —i—bn>x" + ootb, ™

_5_

Collection @ chosun



n+m

f@)g(z):=c,+cz+ ¢ 't = E cixi
i=0

n+m

= Zakbi—k =apb; Hab,_; + - Fab
k=0

U s 2 g gz S Fasd (10, 49 3.56.2]s FEses

A 29 3 R 99 zo B3 a2 AAY 1S Rz] 2 YEhNE, Rlz] =
ol gojgh st wAlel thate] S olFa, R 919 &2 2 (polynomial
ring)o|g}tar sko},

A9 2.10 A9 DA P GdxE ofd YA poll thdte]

p=ab ©°|H «a=UD) == b= UD)

o ], p= D29 7]%(rreducible)o]&} 3t}

w3 4o D el A DlalolA B [ F1eel f@)E 7ot
Al(irreducible polynomial)e|2tar  sfar, 7]ekriakalo] ol AL 7pekr}dlA)

(reducible polynomial)¢|g}al ght}.
Aol 2.11 7133k RAA S7F R H-E3d w, § 99 v}k
f@)=a2"+a, 2" '+ -+ax+a,ESx]

o 94 uSRe dete] flu)t T 2e Re 9aF et
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fw=au"+a, W' '+ -+autae,ER

E3 flw=02 W, uE R <A td2 flz)eo] root) FEE

E= 0

o FaE3 [10, A 4.3.2]8 FERFEE

“
gt

e 2.12 A5t 101491 B3 f)=aa"+ Fazta’t A5E AFE )

AT fEeA Q oA 2 ouZ A W, u=L (ab AR el A% ol
a

s ala,, bla, ]t}
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A 3 & Hurwitz 9323 A Hurwitz 32 de] A9
2 A3

h(R) = L}EME} o] el A A}%z‘s}t— Hurwitz Tha2)gke] 71&@1 A ,g-g—ﬂr
@42 [4, 51904 Faste] BEES Fu),

3 R 919 Qo) F v flz), glz)
flx)=ay+az+ --+ax", glx)=b,+bz+ ---+b 2" (n<m)
of ate] F A +, = & Ty o] AHodh)
f@)+g(@):= (ay+by)+ (a, +b))z+ -+ (a, +b,)z" + ---+b,2™"

f(:r)*g()—co—i-cla:—l— -l—ca:—i— -+c 2t

n+ m

(t<i)

akbi_kZ(é aobi—l-(i)albi_l—i- ---—i—(t)ath PR —i—( )ab

=3

U A8+ Hurwitz ohg23ke] 712491 442 $9e Faed [5]S #x
S5 gt

g 3.1 999 15 zte 7hgEk Rel sty (R[z], +, x) T @9 1S
Zt= 7hgkgto| o)

REDI @ R D} 814 Rel 1abgo] Dol Qakss) Axela Re] De| 4
golwl, D= Re| Srjghole} Fi.
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o) stjsrolet s ElW De
Helat 4 gioh.

WR, D):={fEn(D)f(0)= R}

Z9 (R D) ch(Deola, hMDE A 3.1¢ g3t 99 1S zh= 713H319)
S 4 F A MR D)= WMDY FESS A4 »Y 5 Jda wEbA
1€h(R D)oltt. =, h(R D= 999 1S zt= 7138 3lojth.m

<% [8, A7 3.2], [11, A=l 3219 H&s Fxste tA] ¥ SHst==
A}
(D=(2) 829 00] o} aER tste] aE(R)]3L an=a(n1)=0 °]t} w
2 n1=00] AE3tL n=0 o2& Re FFE 0o]th
olAl Rol BY9Ue Wolzt RSh(R) °o|ERE a,bER tale] a,bEh(R)oITt.
a*b=ab=0° JE3 hR)o] AHo|BE ¢=0 o]A} b=0 o|t}. I1HEE
= o)t

(2)=@1) &8 n(R)e] Aol F v fl(z), glx)
f@)=a,+az+ --+az2", glx)=b,+bx+ ---+b "
of tale] degf(z)=n, degg(x)=m, n,m#0 o|&} s

f(z) * glx)= cytext - +cm + e, T ntmoo)

_9_

Collection @ chosun



ol Wl a,.,=a,.,="=00b, . ,=b ,,= =0 0°E%

_'n,+m n+m
Contm = k akrbn+7n—k

k=0
n+m n+m n+m n+m

:( 0 )aobn+m+( 1 )albn+m1+ +(7’L—1 anlbm+1+( n )anbm

n+m n+m

+(n+1 an-‘rlbm*l_‘_ “'+(n+m)an+mb0
n+m

_( )anbm

ojt}, 3 g #0,b, #0 ol R o 57} 0 o|BRZ ¢ . #0 ot} wek h(R)

o Aejolt).m

o] =

h(R, D)o

ol A

xgo

Hu
rlr

34 Hurwitz Th@A8e] tiapale] et e saslop shnw
HeA] ol E® oA,

_
_

oliL, D= Aol

9 (1)=(2) &4 Hurwitz o343 WR D)S Aolg} &4

h(R) S h(R, D)Sh(D) o2& Hurwitz t}a23t h(R)E AIUS & 5 2
oh el 330 o3kl 3 Re Esb 09 Aoli § D Rl s
olmz Do ¥4 w3k golu}.

A & D7} A wolx. D} Aol ofuehm A4S 00] byl
D2 A2 a, bl thate]l ab=0°]gt & (ax) * (bx)=2abs® =0 o]B= T
4 Hurwitz ©t&218k (R, D)7} g olet= 7l Roltt. wakx De
ot}

(2)=(1) & D7} x77F 0% AYolm= A 3.39 9ste] Hurwitz th3
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A% WD) Aol W (R D)Sh(D) |22 FA Hurwitz o
MR, D) =3 Jolth m
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A4 F MZ,Q)9 71 Qlx]e 714 Atol
o #A

of ML frelsAst 4B Mol A Hurwitz el 7wy e
ol w54,

WA, FengAe 25 99e ozl Wl a=be=brc=acl JHInZ
MZ,Q)st Z[z]eld 2% s)eFol At mE shefoltt. 1 F s)okel 4 A
2 42004 Av17] Aol Wed wEgeliy RES #A

BzxAe 4.1

1. f.gen(Z, Q)ol thatol, deg(f * g) =degf +degg
2. U (hZ,Q)={+1}

8 (D=2) 499 f,gEn(Z, Q) wiste]

f(x) * g(x)= ayb, + (aob1 +albo)x+ ce ab

n-m

n+m)
n

1% WZ, Q7 AL Z 0,0.0,70 2 A ("T b, A00lE)
wtebA] deg(f * g) =degf +degg ©lth.

(2)=(1) Forde] obd F a2 f(z), glx)E URZ, Q))7} EATIa 814},
f@) * gla)=g(x) * flx)=1 o3 WZ, Q)= HJolnz
deg(1)= deg(f * g) = degf +degg=0 ©o|t}t. ©] wl degf=degg=0 o|=Z f(z)9}
g(x)= Aol webd UW(Z, Q)= {+1}e]th

_‘|2_

Collection @ chosun



32 4.2 fl
daFixz0e prt 258
=% =) p7b &257F okyekal 7Hg ek}
=, pv FAETolA p=abE V3= AT a0, b7F AT 7 EkA)
(1<a=<b<p). 1¥H f(z)=tp=tab=xaxb 7} o} f(z)7} 7]kl
= AR Relth
kA pE Eolth

S fo)7h A1okel ohgta sk aeW fl)E Frnigdel Fow o

f
FRsEr. &, flo)=tp=tlp=tlxp °]iL
olB f(z)7k 71eFe] oyl bl Eiro|th.m

ThS-& degf>191 flx)ER(Z, Q)o] 7Feko] H7] 93+ R 2AS Avral,

38 43 flr)=aa"+a, 2" ' +otarteaSh(Z, Q) 4w, aFtield
fla)e 7hefolrt,

9 (i) ay=00°19 f(z)=az"+ +az"=n(Z,Q) (1<k<n) o|t}.

ae® g €Qol Yelel £10] obd meZo| gate] —Leqolth aEw

f($):m.(lez+...+ )g yUekd 4 o UR(Z, Q)={x1}ol2=2 f(x)

a’fl, a
(i) a#F£10]3L a#0°1H f(x)=a,* (a—x"+---+éfc+1) 2 yehd 5 ek
0

UlZ,Q)={%1} o|m= f(z)E 7}eolth m
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b ZErh 1ol vy f(x)=aq,42" +a,_ 2" ' +Faxt+a,Eh(Z, Q)
o] 7]eRAel diste] dotry] ASIA ay =+1 elgta 7ok gty =—1%)
= g =1 & Wel FEs] FEE e ARl Wil wE gRA fes

HAch

o

A7 19 B f@)=ar£1€h(Z, Q)2 3 fla)e Hua lofolch 1
dEE 257k 2 olgel Aol e Loh s s,

A2 4.4 999 a,0,EQ00 Tl 0,02 ©, thg F 2Ae AT,

1. f(:c)Zan2+a1x+1 enZ, Q)= 7pekolt},

1
2. g(x)ZxQ—alx—i-E% €Q[z]E FYFIAZ 7Y

29 (1) o @ o34 f@)7h MZ, QAN Fhekeleta 7pgatat. flu)e] 44
ge

o]z, f(z)e a, QO tiste] vh&3t o] mdHh

fl@)=(ax+1)* (Bz+1)
=2a02* + (a+ )z +1

= a2’ +a,x+1

aebd a+p=a,af=5a, oIk

1
A= RN, g(x):xQ—alw—FEaQ% T M fElEl a, 5 7HT =

ol Al, a,7091 t}a4] f(a:)—aSm +a2x +ax+1ER(Z, Q)9 71HAS HH) R

== Ak
- 14 -
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AE 45 B3 flz)=a2’ +ax’ +ar+1 Eh(Z, Q) thate] a0 o, ot
o T 20 FA ot

1. f(x)=a3$3+a2x2+alac+1 eh(Z,Q)e 7}eko|t},

2. g(x) =61"—6a,2> +3a,0—a; €Q [z] & FE|FaS 7H

8 (D) = @ 9 fl@)7h WZ,Q)aA shefoleta 7ML fla)=
WZ,Q) Slol A 7hefolmm Adrrpdafo] opd dxp23} o]a}4 el Hurwitz &
o] wom RAHI EY f(r)o] B2 1o]m2 AT by, by ¢, € Qol tis}

of flo) Teat ol A%Es Ak,

f($)=(b2$2+b1:r+1) # (c,r+1) -

= (§)b201w3 + {(?)ZHQ +

= 3b,c,z” + (2b1c1 + bQ):c2 + (b1 + cl):z: +1

2
0

)b2}x2 +(b, +¢))z+1

= a3x3 + a2x2 +ax+1

o]

il

e,

ag = 3bycy, ay = by +2b,cy, a) =b, +¢; ©]AL

by =a, —¢;; by =a,—2(a, —cl>c1 = a, —2a,c, +2¢,° -@
o|lBE g = 3(@2 —2a,¢, + 2012)01 =6c,” — 6a,c,” +3a,c, ©It}.

&b 6e,® —6a,c,> +3a,c, —a; =0 °lal g(z) =62 —6a,2” +3a,x—a;, EQ[x] =

el o2 7R,

2 = (1) 4934 g(x)=6x3—6a1x2+3a2x—a3EQ[:/U]ﬂ- el o8 7o
2 VA A @& A Dol didetel delsiE 4 D thgu ol ek,
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{(a2—2alc1 +2012)a:2+(a1 —cl)x—i- 1} * (claH-l)

(3 2\ . 3 2\, (2 2

=19 (a2—2alcl+2cl )Cll‘ + ((12—2(11C1+261 >+ 1 (al—cl)cl x +(cl+a1—cl)x+1
= (6013 —6a,c,’ +3a201>x3 + a2’ +ax+1

= a3$3 + a2’ +a,x+1

=f(z)

wabA f(z) :a3x3+a2x2+a1x+1 eh(Z, Q)olA 7}ekoltt. m

HEAE 4.6 34 flz)=ap2’ +1 En(Z, Q) kel a04 W, & F =

AZ FA ot

1. f(x)=a3$3+1 eh(Z, Q)= 7}ekolt}.

2. glz)=62"—a, €Q [z] & FIFHE 7H0)

7 & fla)=a’ tax+1 €n(Z, Q) tiste] @, A02 o, TS
1. f(:v)=a3:v3+a1x+1 eh(Z, Q)= 7}eko)t},

2. glz)=62"—6a,2" —a; €Q [z] = FAFHE 7H20.

st dAE FE 3A ¥ Hurwitz e ] 794 S E R =S 3R

AA 4.8 tFa2] flr)=2*+a*+x+19 A Hurwitz 323 w(Z, Q)oll A
71438 st Qe 4.590 o8t B4 g(z)= 62" — 62" +3v—10

Lo

ol
it
AL
Ir
N

=2 Ay 2.12& o]&sle HAIFH Hrh = +
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g2)=02 VEA7E FEsE glong Susdrt 248 @ was o

4 fo)e B4 Hurwitz 3248 A(Z, Q)4 71kle o 5 )

d A 4.9 t}3t2 f(l“):%lﬁ_; 2—}—%@*-1—1«] 4 Hurwitz ThaHa) WZ, Q)
ol el Zlokge s nA glo] Aol Nel vl AR g 450 osje] v
2 gla)=6a° — 29:2—:,:—%01 Felgals A 4 2128 ol gate] wudF
| "t mE Y AF AFASE ARs R

! (Dol o
g(l’)=§<12m3—3x2—2x—1)°] H3 4o § g@=08 wHATIE &

- 4 1 - _ _
dl A 4.10 t}3h4 f(:L’):—xS—ng—Ex-l-lQ] Sk Hurwitz tHaA 8k w(Z, Q)

o o] 7|k AdS dHE| AL 219 A Al A e} v AR ] 4.500 st thgt
A gla)=62"+2° —dr+10] FEFHE 2t=A A 2,128 o] &3dte] AT FA

BEL * _
+ 6] ok~ Z glo)=0& T=E=A7)= FEF7t EAGtERE S8t
3}

EAGT. webd Ta f)s B4 Hurwitz A8 W(Z, QoA Fhorl e o

s},

e

b

AL flx)= —%xQ—%erl) (%x—i—l

A FHEHE 0,709 thd2y f(x)=a4w4+a3x3+a2m2+alac+l en(Z, Q) 7)2kA
of B3l Lolr e sl f(z)7h M(Z, Q) Aol 71<ke] ofyd f(x)
2ol obd S 7] Hurwitz ©Ha2e] wo 2 ZFT thA] 23, f(l‘)E A}
I Ak s o] xpA It oA o] wow QI )7}
Aol A dapA AAEA Y] o g Qe He A5Y s HEHAEES

ek,

Sh
:(|>1=
)
®
g
2
~
S
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Ae 4.11 B3 flz)=ag’ +a2’ +aa’ +ar+1 Eh(Z, Q)7F 74efola a,#0

4w, vs 7 20 FA ot

1. flz)7F L2423 ababale] o g QfRs ),

2. g(r) =242" —24a,2” +120y2" —dagr+a, €Q [z] &= FEFaS 7FxIh

ut

29 (1) = @ g4 f@)7 WZ, Q)elA 7ekoletn 7Hdaia) Tt f(x)

B 1 olmz AP bbby € Qo W3 fla)e tEI 2ol AFR

flx)= <b3:1:3 +b2x2 +bz+ 1) * (clx—i- 1) -@

s+ {3+ (oo +{ e + [+ {[o e + 1 fo+1

= 4byc,xt + (31)201 + b3)$3 + (26101 + b2)$2 + (bl + cl)a: +1

4 2
=a,x +a3x3 +a,2” +az+1

4bsc; = q,
3byc; +by =ay
2b,c; +b, =aq,
b, +c =q

LER]

b =a,—¢,
b, = a, —2a,c, +2¢* -®

— . 2_ .3
by = a, — 3ayc, +6a,c,” —bc;

olal o]Z Aulatd a, = 24c¢,' +24a,c” — 12a,c” +4aye, )Tt
wabA] 24e —24a,c® +12a,c> —dage, +a, =0 ©]aL

g(:c)=24x4—24a1:c3+12a2x2—4a3:c—|—a4EQ[gg]‘f— RS =R Al =

_‘|8_
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(2) = (1) 934 glz) =24z" —24a,2° + 12a,2” —4dagr +a, € Q [z] 7} FAFd ¢
£ 7HnaL 7Hgskak A @F A O st delehd vt o] yEhdth

{(a3 —3ay¢; + 6011012 - 6013)303 + (aQ —2a,¢; + 2012):62 =+ <a1 - cl)x + 1} * (clac + 1)

= (g)(% —3a,c; + 6a1012 - 6013)011‘4

+ {(2)(&2 —2a,¢, + 2c12)c1 =+ (ag —3a,c, +6a,c° — 6c13)}:c3
2 2\ 2

+ {(1)(611 — 01)01 + (a2 —2a,c, +2¢; )}x + (a1 —c+ cl)a;-l- 1
= (4a301 —12a,¢,> +24a,c,” — 24014)334

+ (3@201 —6a,c,” +6¢,° +a; — 3a,c, +6a,c” — 6013>:133

+ <2alc1 —2¢?+a,—2a,c, + 2012)x2 +ax+1
=au'+ a3a:3 + a2’ +ax+1
=)

HetA fo) = aa’ +aga’ +a0’ +ap+1 ER(Z, Q)& 71ekelth m

212 st

L f)7h QRpa 0 e o

=
2. g(r)=242"+a, €Q[z] = FHFHZ 7M.
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BEA48 4.13 G4 flr)=az' +a2’+1 €h(Z, Q)7F 7Fefola o A0

1. flz)7F dx2 3 Al oz Ad4#s
2. g(r)=242"—da;z+a, €Q 2] = FHFHZ 7MKL

1. fle)7h Q243 abaa e gow Asia .
Z,:

2. g(:c)=24x4+12a2x2—4a31:+a4 eQlz]E ¢

3k, 42} Hurwitz B34 f(z)7F R(Z, Q) Aol A 7]eko] obd uwf o]x}2] 3} o]
2] Fow oFRs HE A dEME qFf09) Hurwitz t}3k2]
fl@)=az'+19 7FepAdnbs e 5 Qda © B3 43 oo aat
Hurwitz BH&k2 o] 7] & BHel A= Eotaitt. oo tigh & 47 288 A

o7 Boir}

L. fl@)7h olzFA 3 ol zp4le] o m Ql4ia] Hrh
2. 9($)26x4*a4 EQ[m]—E‘ %ﬂfﬁg—ﬁ% 7]'%_]_]:]'

29 (D > @ 934 f@)7h W(Z, Q)N shekeletn 14kt 34 f(x)
o 45T 10182 HYY b bye, e, QO Wl fla)E st ol A5
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f(x)Z(b2m2+b1m+l) * (02m2+clm+1) -@

= (3)()2621‘4 + {(i’)blcz + (;’)bzc1 }xg + {(S)CQ + (?)b101 + (3 bQ}sc2 + {(é)cl + G b, }x +1
= 6byc,r’ + (3byc, + 3b201):r3 + (2b101 +b,+ 02>x2 +(b, + cl>ac +1
= a4w4 +1
6byc, = a,
3b,c, +3byc; =0
X
e, 2b,c, +b,+c, =0
b, +¢, =0
b =—c¢,
—2¢°+b,+¢c, =0
—3cicy + 3(2012 - 02>c1 =0
o3 o2 ek e P
o =q
b, =c; -©@

6b,c, = 6¢,' =a,

A e —a, =0 ]l glz)=61"—q, EQ[z] & F&F & 7Hth

2) = (1) G4 glz)=62"—q, €Q[z]7} FEFd & 7ML 7H4sA.

H@% Ao Yt JesA et ol thehvitt,

_2']_
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(012302 —cx+ 1) * (cl2x2 +cox+ 1)

<Gt bt i et st e
= 60141‘4 +1
= a4x4 +1

= f(z)

Wi} A fz)=aa’ +1 Eh(Z, Q)= 7hekolth m
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