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ABSTRACT

On the irreduciblity of Hurwitz polynomials

over 7

Seo, Ye Lim
Advisor : Prof. Dong Yeol Oh Ph.D.
Major in Mathematics Education

Graduate School of Education, Chosun University

The formal power series rings and polynomial rings have been of interest
and have had important applications in commutative ring theory. As
generalizations of formal power series and polynomial rings, semigroup
rings and graded rings are investigated. As another point of view of
generalization of formal power series and polynomial rings, Keigher
introduced  Hurwitz power series rings and Hurwitz polynomial rings,
respectively. Affer keigher many researches on the ring of Hurwitz power
series and polynomial rings have been done. In this thesis, we introduce a
Hurwitz polynomial ring and study the irreduciblity of Hurwitz polynomials
over Z We also investigate the irreduciblilty of Hurwitz polynomials of
higher degree greater than equal to 3 over the ring of integers. More
precisely, by using a relation between Hurwitz polynomial over the ring of
integers and usual polynomials over the ring of integers, we give a
necessary and sufficient condition for Hurwitz polynomials of higher degree

greater than equal to 3 over the ring of integers to be irreducible.
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G LS 2= 7HEE (commutative ring with unity) ‘FOlA ATE e FA 4
W3 3H(formal power series ring) T T2 S(polynomial ring)S 58 %
Ao ol29 FaW AT BAF shpolv we $E4E 2w o G449
G 89 g gel @ dFs 1050908 E Be SuEel ojsjel B
8] o]Folxa glom, 53] vk S Aukstst vkt S(semigroup ring) &
= 2(graded ring)oﬂ 1‘411} A= 19700 $RERE &3s] o] Fojxan Q).

1980l FukEE 24 A K & zZte 49 Dol diste F o3 # D

K[x]AFe] el —czﬂs}% E}‘%é} o] AFE st A ohaA] el 4l H AT
= 713 3 pE VM8 & R 9 (S Rc DolE T o, <
R+ XD[X|={f(z)€D[X]If(0)ER}°] &7 HaL o]o] df 713y
aglon, o5 e A wkt ol gk A I AA7A s Ay
ATt

19761 Keigher [4]°] st W&EE P22 Haga 23 opads] So] 243
om o]F [5]eA o] 55 Hurwitz Hu & 2 tha2] ZH(Hurwitz power
o

serie ring, Hurwitz polynomial ring)©]2F o5& ATt 19973 °©]F Hurwitz H

S48 9 gga o) deted A2 HEse @ 9 umwﬁu A m €

A B2 AgEo] ol FolRltt [11,[2],[8]. 53] FHZd Tl A dig gt

9 F ojoltiadel tE 98 A% £0E WEE B4 Hurwiz W & 2 o

G4 ol Avsloldnh. wa Aod (1019 A7 Aseld A% AFF 2
A 5+

of| A= Hurwitz E}‘So“—‘] Sto] sk 7tEk S AUREta 7)€ AHAS A
Fe ogeky] 3o A S ol8ste A4 AlSE Zhe Hurwitz ohaka o] A2
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=
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(A9 2.3) S99 1 & 7k 7183k RollA d9l9] b € Roll Wist] thgo] Ths
s
ab=0 =a=0or b=0
RS A9 (integral domain) ©]2Fal S+,
(HY 2.4) 99 1S5 7H 7138 ROl A o] ol ¥4 o e ROl tishe]

ab=ba=1

e Rrel &4 & W, o & RS S (unit element) ©|2Fal T}
a® 9 (inverse)o)daL & V|ZEE b= ! 02 FTHIC}

(B8 2.5 299 18 74 ARE rolA w9 AAY AT JE R £
i U(R)& FATE olETH

FTE 1 1-1=1 °oBE& 1=1" °|t}, F 1€ UR) =2 ot). Eg 9]
a,b € R ol o3|

(@b)b oY) =abb DNa t=aa t=1,0"'a HYab)=ba ta)b=0b'b=1

ol AHgth 2B R (ab) '=0b 'a ' A3l ab € UR)CIT UR)S w4l o)
23 o

¥0, ot

2) UR) C R |22 A

e

S Ayt
1€ UR) ] A a-1=1-a=a 7} AY3}

4) ool g R o Wl aa '=a la=1 ©]
|

Ao g 1o YL 4 olm=R 4 UR)©

822 1),2),3),4) o o UR)S HATLS olFth ov, @ 1S 7R
7F3ksl RAA U(R)S R @ (unitgroup) ©]2F St} m
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(R 2.6) d9Y 1( =0)S 2= 3 RoA
m-+1=14+14-+1=0 (1°] m71)
S WESE 4 Ag mel EATE o, ¥ 2R wESseE P fe o A

B9 2.7) & R

ne 3 RO X5 (characteristic)etil M 7S 2= ch(R) =
RE ] AF meRr A dall m-1 =0 &

49 0% o8 WE Be Fejol IR

R &84 (polynomial ) ©12Fal o},

flx) = a0+a1x+a2x2+ R A A (a,€ R)

ojf i >n A BE

slel gelolA 4z

K
ol
_‘EL
L
b
_1

r
2
k)
K
L
.ﬂ
=
A
Nl
A
S
— 2

fretlE AeQgh B i tiske] o, =0)

z]ﬂOHa—O?—lv

flx) = ay +a1x+a2x2+ - +a,z"

n

o ay,aqx, - yax" S flz)e F(term) olFaL

'/F%o]_ollj/}j—— tﬂ"j’ E‘Eé‘l— 7]—601_%01]}\1 Ay, A1y "

EG bk Fol 4]

2 mdda, RS pol B RE ] AAe JAFS /1EZ Rl|eha @

—6‘]»11':' GO% /2‘}

. 52 f(x)e AT (coefficient ) B}

drEdE AL

3} E]_E 71”‘1“7]' 09l ‘ﬂ-_]‘é]]f ) =a, = FFTHE2 (constant polynomial )] EtIL

[ =
] E= A7 01 B (@) =0 & FuEA (zero polynomial )
Araada f(z) =a, € Rlz] &2 ZHAHERE R < Rlz] 02
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(3 2.8) & RS op&a dAe JF Rlz]dA, JA + 7 w4 . & o
2ol 7@«] il “H R[ ]1—‘:‘ o|Fi & R[z]E RS thd23H(polynomial ring)
5]

flz)=a,z"+a,_ " "+ - +ax+ ay € Rlz]

g(@) =b,a™ + b, 2" "+ - +bax+b, € Rlz], (n < m)
fl@)+g(x) :=b,2" + - + (b, +a,)z" + - + (by+a)z+ (by+ay)

f@)gla) = cpppz" ™+ - +oat+ o et

k
(Ck: = Z atbk:*t = aObk: + albk:*l + o ak:*lbl + ak:bO )
t=0

= [319 A9 22.2 , [919 A 352 Fxw.

(B9 2.9) & RS T

f(x):a0+a1x+a2x2+ - +azx" ,n=0, a

)& dtal 7|5 RE deg(f(z)) =n 02 FA|TUL
z1gkol Al (leading coefficient) BFal ST},

3l a,=1¢ W f(z)E 2Y Y24 (monic polynomial)©]EFal S},

(A 2.10) AH9 R #HFE 0L &5 ot}

=7 et Zé%ﬂ RO ®57F S nelgha a4

oju|, n = l<m < k<n °]gtal 39,

el 2.6 Oﬂ /]OH 0=1-n=1-m-k=>0-m)0- ko] AH3L no] TF
olm& p B} e gy, kol A 1 -m =0, 1-k =0 Q Hao] A7
]
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(B9 2.11) Y DolA ddo] ol FYE ofd A4k poll tis)
p=ab = a<U(D)or beU(D)

o ul, p= DY 7]%(irreducible) ©]2} .

32 49 DY G Dol G J)7} kD fe)E 1ot
(irreducible polynomial)©| 2L SkT}, HESE 7]efrgr2]o] ol A9 7}ofr}alh2

(reducible polynomomial)©] 2kl SHT},
(A9 2.12) A3t 7z 99 Huxrsre] A5 0o] ofd t}haka

fl)=a2"+a, 2" '+ - +azr+ta<Zz], n>1

J

NN BE AFEY HAUNTYGT gedla,,a, 1, -, a,00)E flz)e] W-E(content)
23 sl 715 o(f) = UrE]' ATt
53] c(f)=1 °ol¥, f(z)E YA (primitive polynomial ) ©]FaL ST},

O

Ll

(A 2.13) (Gauss® BxAe) 4rd 7 19 F AT

flz)=az"+a, 2" '+ -~ +az+a € Zlx]

9(2) = ba™ + by @ e b + by € Zla]

of el & fla)g(z) = B Z Sl AT ot

<9 [9]9] 4 6.7.12 F=xw

RS Zlelol A Aolel WA AN FaB ATE o
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(BE 2.14) BFF z 9oA deg(f(@) =n =1 & G4 f@) € z[z] 7} fFrelF
Al QA
flx)=gl@)h(z), 1< deg(g(z)) =s<n,1<deglh(z)) =r<n

g(@) = irat € Qlel, hle) = Zd—x e Qlz]

olgbal SFAL b= byb, - b,_1b, =1, d=dyd, -+ d,_,d, =1 °l 3

olgtil stH, g,(z), hy(x) € Z[z]°13L g,(x)hy(z) = bg(z)dh(z) = bdf(z) 7} ¥
g} wal
filz) = C(lf) f), (@) = C(;o) go(z) , hy(z) = c(io) ho(x)

ol 7pge] o3
bdf(x) = go(x)ho(x) = 0(90)91($)C(h0)h1($) , bdf(x) = de(f)f1($)

ojlm=
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de(f)f1($) = C(go)C(ho)g1($)h1($)

N
N
oX,
i)
rol

gheh, w3k A2 2,13 o A g (x)h (z) = DA T olEE
bde(f) = clgy)elhy) , fi(z) = gy (@) hy (z)

7F At ek f@) = e(f) gy (@)hy (2) ©lth.w

(ME32 2.15) As z foA deg(f(z)) =n =1 I AAGZY f(z) € Z[x]
of their w5 7 3] FAelt

L. flz) € zlz]7F A7 2 flolA 7] ko]t
2. flz) € z[z]7F el @ Sl 7]eke]t}.

32 034 f@) € zla] /b AATGY obd B9 BB 2158 FAHA 2
7.
flz) = 22° + 2 € Z[z]
=2(2+1)
A9 ge A 22 0@ OmR fl)E FUFA QANA sIokel ohiAw
2z UZ) °17] W&ol flz)e A3 7 oA 7ol & A a2 olgts
ZAS FA gowl wEAY 2,150 A = o A|7F AT
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A 3 % Hurwitz ©+34]9 Ho & 3

flx) = a,z" + a,l,lx"'71 + -+ g+
gz)=0b, ™ +0b, " '+ - +bx+b,,(n <m)
of tjsto
fl@)+g(x) =b,2" + - + (b, +a,)z" + - + (by+a,)z+ (by+ay)

m

fl@)xgla) =c,ipax" ™™+ - +ex'+ - + ez + g

Z()at b, f:(é)aobﬂL e (;)akbi,kwL +(;)aibo,k <)

9 [5]3x =

4] 3.1011*1 Wokol 7h#g Rol $AREY 18 7MY (Rlz]+, +) & F4%
9 1 & zte 7hgksto] At o]k 23S ‘Hurwitz thad2 3l olgf H2w 7|

= h(R )i LERd T

_10_
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S 7heek el Wigk Rlz] 8] WA BAEL Bol &zl Wb p(r)ol Wigh i
A A2 F dYA dA BorR p(r)ol el tes] AvR s shap

L. R 3#57F 0%) Z9olth
2. h(R)= AHoltt.
s (1019 A 3.29 H&S F=x a3l A 3 S st g
(D=(2) 499 flz),g() € h(R)o s}t
fl@)=a,z"+ - +aa'+ - +ay , gl@)=1b,a" + - +bal+ - +b
(deg(f(x)) = n,deg(g(z))=m, n,m = 0)°]2} s
f(x) * g(I) = Cn+mx"+m + o+ Ck:xk+ ot Co O]‘jl—
of uj
+ +
Cn+m = (n Om) Obn+m et (T;L_T]’:L)anflbm+1
n+m n+m n+m
+( n ) nan+( +1)an+1bm*1+ et (n+m)an+mb0
Ap+1 = Qpyo = - :an+m:O’bm+1:bm+2: T :bn+m:0

n“m
n

Coim =0 OJTh WEA h(R)> A o]t}

olm c,,+,”:(n+m)ab olth. olul a, =05, #0 ©l3 RS ¥47t 0o|mE

122 9lee] gbe R o st abE nr(R)oIH. EZF
a-b=axb=0° AY 33 h(R)S BI)BRE ¢=0 °|AY b=0 °t}. 1HYE
2 RS Aot

ii) 7}sksk
wkok ch(R)

RO 5t 00lth.
=
(pi22%) olt}. @ TaAe] ohd 4,

0 at#k i) o WEY RS AHolmm Al 2.1001 &8 ch(R) =
“te n(r)ell wiste]
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o|BE h(R)> AHo] ofd o] AT a¥ruR J9 R xF7F 00|t}

i),iDel gal h(R)S HHolgl & RS F47F 02 Aol n

(A 3.3) 71 021 A Rel wisto] vhEo] Y7

s o gddo] old F g f(x),g(z) € UR(R)) 7} SAsctar sfA}
f@)xglx) = gl@)=flz) =1 , h(R)S B2z

deg(1) = deg(f(z) * g(z)) = deg(f(x))+deg(g(z)) = 0

=, deg(f(z)) = deglg(z)) = 0 ©BE, f(z)o g(z)= & B ot

LS flr)xgla) = gla) = flz) =1 °JBZ, f(z), g(x) € UR)CIt. =

Hurwitz th@213ke] 7] =70 Ao 2,139 Ag 3.2 9o & &+ k. =
ch(R)=0, A9 R 919 h(R)AA Frha2o] ofyil Td® ofd b2 f(z)

fla) = gl@)*h(z) = g(z) & UR(R)) or hiz) & UR(R)) (9(z),h(z) & h(R))

s
=)
ot
1>
=
8
N
N
>
3
o,
N
(o]
o,
o,
K
rot
v
ol
flo

Fl@)E h(R)NA S 7]oFralA]

g A 3.390 sl Uh(z)=UZ)={-1,1}°]|2= ta3 AHdE & 5 At
g2 flx) = a,a2"+a, 2" P+ o +axt+ o+ ayxta, € h(Z)] OIE|
gcd(a",an,l, Tty Ay, aa1aa0) =d=1 O]U‘i f(x)—t‘ q—%‘ﬂ]‘ Z’:}O] qE}ﬂ—q—

flx) = a,lx"+a,l,1x"71+ +aixi+ et axta

=dx* (a,’z" +a, /2" '+ - + a2+ -+ a2z +4a)), (a, = da;)

_12_

Collection @ chosun



ol 4 , (a,’ z" + .
uwepa] Al vk o] obd thakA f(z)7F A(Z)OlA 71%ke] obdE & & Utk

aeEa p@) Al Z1oke B B o ANk oAt selak,
(A 3.4) YATHE2
flz) = a,z"+ a,,,,lx"*le +aixi+ e+ aqx +aOEh(Z) , (n>2,a, =0)

of thate] Ja,| <n oW, A fx) e A(Z)NA 7] ekolrt.

Z8 Wk o,/ <n g, flz)7 h(z)NA 71ke] o Al
fl@)7F h(z)R1el A 71eke] obd AT A el B R f(z) = A5rhata] o] ofd
A 5 ohee

—

boa' +b,_ x4 e b b)), (e F e, " e e ) € h(Z),

m

s+m=mn,(1<sm<n) AN flz)e G 2ol YeEPIH. (b, , ¢, =0)

flx) = (bya® +b,_x° "4 - +b+0by) * (c,x™ + ¢, 2" '+ -+ +e)

m

= (b S i e
E=0

n n—1 i
=a,x"+a, 2" "+ - ‘oz + - +azta

N

a, = ( )bs'Cm:( )bs'cm y N = (n)’ 1 §|bs| I = |Cm|

A= RoN=,

( )|b e, | = |( )bsc,”| — lal=n

webA g, <n ol tiE Eeo]l AT Y BER f(r)= h(Z)A 7]efolth. m
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(boa® +b,_x* '+ o b +by), (e 2"+, a2 T e e+ c) € h(TZ),

m 7

stm=p EANA f)E T 2ol YEhd (b, ¢, #0)

flz) = (bya® +b,_,x° "4 o + b +by) * (e ™+ cp_1a2™ T+ - e+ )

m 7

= (8+m)b Cp T A e +k20(;)bkcmkxi+ o+ (bycy +byey )z + byc,

s tm
S

n n—1 i
=aq,x"+a, 2" "+ - Fax'+ - +axta

=)
o
o
iu
w
)
>~
-
(o}
=2
=
:(I)L_“
[N
D
Pl
I
=
‘O,
(o
>
O
ot
1>

of tlste] o, =0, pra, o1, T fla)= hE@)NA 7]okolt),

=% A7 35904 n=1¢ W [10]°] A2l 445 "EHY= 45

+
%0,
)
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A 4R RS 2R h(2)9 AFFRAH 2]
71 okeka ) Atole] @A

o] FolMe= AFATE 2t Hurwitz tFaHA 9] 7| S Aol R TS lA),
& fz) € Zlz]ol o
183te] Hurwitz thah2)

RS
3

o] 7)ot

o

defol aezol Wl a=pg=p=*qg=a ° FHIEE AF7t A5 Gt
FAL h(Z)9 Zlx] A BT 7)ol At Z]eke] ofutt. o] e} mpzb AR 9l ef 9]
Qay GOEZ Oﬂ "413}04 (a1 ¢0)

ble,z+cy) =bcyz+bey = ayx+ay = beyx+bey = (é)bclxwL(g)bco =b* (c;z+cy)

7 AR AG7E A5 AAGEAE w(2)9} Zlz] A BF 7eF o] AY 7]
o] olyrh, AFASE 2 23 Hurwitz ©haHae] 7ol at dtAazs
(101l Al 4.300 2 vhs} glon} o] i=Feo] S 9iste] 7herd] At
o]»Z},

AL f(z) = aa’ +tazta € h(2)E Bl 3590 A 24 a0l 7)ol
2 2[a,Q AFE ATEES 1AL

(B9 4.1) 999 ay. 01,002 o W ay =0, ged(2ay, ay, a0)=1 ©IH, Th
F 21E X ot

1. f(z) =202+ a,z+a, € h(Z)NA 7]Fo]t},
2. g(x) = a2’ + ax+a, € Zlz]oN A 7]kl Tt

<™ [10]9] 2] 4.3 = =

228 AAITEA g(z) = aa’ + oz +ay € Z[z] 9 AF AFEe EAFFE g(z)2
Z10ds HA & Advk 1eER g 3.59 A 4.1 9] ASF AFE
Zre 24k Hurwitz A ©F2 f(z) = aa® +ayz+ay € h(Z) 9] A5-2 719H8ES 4

_15_
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ATATE 22 32k Hurwitz thaha o] 7]k d] g3l dolR =5 34
Gt f(x) = a2’ + agr® +az +a, € h(Z) = AE 3.5 Q& 34 a,0lH 7]eFo]|
2 310, A% 7)) 71 e FohwES B,

A 4.2) 499 a5,ay,0a, , 007 A NN, a; =0 , gedBag,as.ay,0a9) =1,

2lag,2la, ©I¥W B F Fx7io] F X0t}

1. flz) = 3a3x3+ a2x2+a1x+ao € h(z) A 7]eFo]t}.

2. gla) = yoya® + + a0’ +ayx+a, € Zla] NN 7ol

T8 (D=Qu4 f)7t h(z) A 71 & v GF24 g(z)7F Zlz]o A 71eF

o] olygtal &kAk ged(3ay,aq aq,ay) = 10]H gcd(gag,

Zlz] oA 71eko] obd AT O BRE g(a)E FETHEAe] obd ¥ e A
savaae] Fow gAY,
g ER AGT b by ey, e, € 29 W g(z)E 23 ol vrebd)

—_

ol

g(x) = (bx + by )cyz®> + iz +¢y) (b # 0,y # 0)
=bycyxr® + (byc, +bycy ) x>+ (bycy +byey )z +bycy

1 1
= 5a3x3 + 5a2x2+a1x +q

whe A,
az = 2by ¢y, a5 = 2(byc; + byey ), a; = (bycy+ byey ), ay = by, —D

ol 4 @& f(z)o] Aol s, flz)= vh&3 2ol Hehdh

flx) = 3a3x3 + ayz® +ajx + ag

= 3(2b,¢y)z”® + 2(bye, + bycy)z® + (bycy +byey )z + bycy
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= (i’)b1 (2¢y) 2 + ((?)blcl + (S)bo (2¢, )) 2t + ((1)&71 ¢+ (é)bo cl)x + (g)bo Co

= (blx+bo) * (202x2 +cix+ co) e h(z)

ol fl(z)7F 71%olgteE 7Fgo R<smo]l AT wEbd f(x) 7t h(zZ)oA 7]1Fd
W g(z)7t Z[z]ol A 71¢F o]t

@=() B g()7h zl]oNA 71k D ®, @A f@) 7 h@)elA 719
Yeka ahah 1) @) SA Z1oke] ohd QAT olBE f(r)t ATk
o},

A
2lo] old T 7§9] Hurwitzthad2e wo=2 1dH
1E13E &]'%-(:5} bl ) bO yCos C1 s €y = Zoﬂ m OH (LC)’E‘ ‘:}%Jﬂr ZELO] UrE]"&E}

f(:v): (b1x+bo)* (02x2+clx+ CO) (bl?ﬁO,CQ?ﬁO)

B (B )+ (s e e

= 3b, cox® + (2b,¢; + bycy ) + (byey + bycy ) + bycy
= 3a3x3 + ay2® 4 ayz + ag
whe A,
a3 = bycy,ay = (2b,c; + bycy ), a; = (bycy + byey )y ag = byey, —@

ofu 4 @F g(a)9) A5l AR, ga)E th3 Lol vhehict,

g(z) = %agx?’ + éanQ +a,z +q
1
= —blch + = (2b101+b002)x + (bycy +bye, )z + byc,

= %{bqu?’ + (2b,¢, + bOCQ)xQ +2(bycy + byc, )z +2b000}
= 2 [breya® + {by @e))+byes Ja* + {by (2e0) + by (2e0) Ja + by (2]

1
=3 (b, + by )(cyz® +2¢,2+ 2¢,)

_17_
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ojuf AATE2A g(x)
T3 z9AAM g
71w f(x) 7t

= 585 Q9o A5EE Hez Ae 2.149 98§ A

)= Qlgia "ol webd maolth, IeER ¢(2)7b Zlz] oA
h(z)o A 7]efeltt. m

e A 4.2 AT f(2) = 3a32” + ay2’ + ayw + ap € A(Z) O TFE 7]eF
A 2lay , 200, ASE AHEJOER oHolE 24 ay , 20a,% AT flx)] 7]

oA s A EE=E 1A},

(xé?l] 43) ?:]19]9] a3,a2,a1,aOEZ oﬂ mi"H,
a; #0 , ged(3as,ay,a;,a0)=1, 2+ ay,2lay,2lay,4la, ©1H T F o] 54

ot}

1. flz) = 3a3x3 + a2x2+ a,x + ay € h(Z) oAl 7]eFo]t},

lal:vaiaOEZ[:v] o| A 7] <kolt},

1
2. glz) = a32® + —aya® + 5

2

TH()=(2) B4 f(x)7F wz) A 71k & v G324 g(z)7F Zlz]ol A 71eF

o] ofetar kAL ged(3ay,ay, ay, ay) =1°14 gcd(ag,% L L

g()7t Zl[z] 1A 71%Fe] obd QAT Ao|BnR g(z)= AFrFRA o]l obd
Mol Astrpsrale] Zow wAHT)
o] wl, A b, by,cyscys e, 2 W3 g(z)E THEF} o] vpERdTE

g(x) = (byx + by )y + ¢z + ¢) (b, # 0,cy = 0)

=bycyxr® + (byc; +byey ) + (bycy +byey )z + by,

1 1
:a3x3+—a2x2+ 7 %

5 a,x +

2
whe A,
as =bycy, ay =2(byc; + bycy),a, = 2(bycy + by, ), ay = 4bycy —@

ot 4 @ flz)ol Aol WYFA, fla) T ol viehieh,

_18_
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fz) = 3a,2° + ayz® + a,z + q

= 3b oz’ + 2(byc; + bycy )z + 2(bycy + byey )z + 4byc
b (e
bz e o

= (byx+2by)* (cyz® + c;z+2¢)

ol flz)E h(Z)olA 7]eko] ol Rgro] AT wEbA f(z)7F h(Z)oNA 7]k
A W g(x)7F Zlz]olA 719k o]t

F@)7F h(z)o A 7]¢Fe] of

4 o f)E AT

=) 934 g@)7t z[z]A 719 I W), oA
Yetal a2k f(z) = h(z)HolA 712ke] o}
2lo] ol F 79 Hurwitzthd4 o] o=
ol wf, At b,,by,¢y,¢,c €2 N3 fla

rr

et
e
S48 8

flz)= (byz+by)* (g + iz + ¢) (b, # 0,cy = 0)

= (i’)bl Cy 5+ ((?)blcl + (g)bOCQ)xQ + ((1)&71 ¢yt (é)bo cl)x + (8)b0 o
= 3b, 02x3 + (2byc; + bOCQ)xQ + (bycy +byey )z + bycy

:3a3x3+a2x2+a1x+a
LER]
a3 = bycy,ay = (2b,¢; + bycy )y ay = (bycy + byey )y ap = byey = @

oldl 4 @F glx)ol HUFY, gla)= T3 Lol ek,

1 1 1
glx) = a3x3 + 5a2x2+ 5 nT + 7 %
3, 1 2, 1 1
= by +5(2b101+b002)x + 5(b100+b001)x+zb000

- i{ﬁlblchz‘ +2(2by ¢ + byey o + 2(by ¢ + byey Jr +bycof
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_ 1 (20,)(2¢,) 2 + {(le)(201)+bo(202)}x2

'S

+ { (2b))cy + by (2¢;) }x + by ¢

= %(lex + bo)(202x2 +2cx+ co)

ojuf AAITEA g(x)e fFeElFAl QoA s Hum Ay 2,140 o3 A
T3 290A gl@)E QRS @k wEA ZEolth B R g(x)7t Zla] oA
719k @ f(x)7F h(z)ol A 71¢Foltt. m

S g 4.3004 QAT f(z) = 3a32”® + aga’ + ayx + ag € h(Z) O HE 71F
e 2hay, 2]a,% ASE AHRFOERE oWl 244a, , 24 % BS fa

b,

ol

o] 71ekAdel i3] AR =S
ol t}g AYE FHEY] Y3 ¥ 7HA HERAYS A7) A

(BZAY 4.4) (BEuclidean®] BxAY]) 499 a,b,cc 7z ° sl
gcd(a,b) =1, albe ©]9H alc o]t

Z9% ged(ab) =102 HGF3 zycz AN ax+by=1°]tF E3 albe ©]
2 A3t ez EAENA ad =beolth. =, c=acx+bey = acx+aa'y=alcx+ad
o|E & glc¢ ©|Tt}. m

Y)

BzAY 45) 999 a,b,c,d=Z ) Wl ged(a,b) =1 , abl(ac+bd) ©]4
ble ©12 ald ©|T}.

gz o8] abl (ac+bd) ©1A al(ac+bd) ©1EE albd A HIT}.
W, ged(a,b) =1 ]2 = Euclidean®] X.ZAe | &) aldo|t}.
s

bl(ac+ bd) = S WA o2 A bl YT n

B2 ol
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A 4.6) 499 a5,0ay,0a,, 007 o H3W, a; =0, ged(3ay,a9,a,, ay)=1

24 ay,2 4 ay,2la,,2la, 4 +a, O/ T F Z70] FX ot}

1. fla) = Bags® + aa® + S ayr + 2ay € h(z) oA 7]eFolet,

2. glz) = agz® + ayx® + ayx + ay € Zlz] A 7] ko],

T8 (D=2 B34 )7 h(z) A 7198w, 984 g(2)7F Zle]olA 71
o] obytar &} ged(3az, a5, ar, ag) =11 ged(ag,ay, a;, ag) =101tk g(z)7}
Zlz] oA 71eke] ofyal YAGEAolBR g(x)= erh@dAoe]l okd F 719
s gow wdud.
aenR A9 bl’bO’CQ’Cl’COEZOﬂ el g(z)= vt o] vrEbdTh

g(x) = (byx + by ) cyz® + cx +¢;) (b, # 0,¢ = 0)

= bye,x® + (bye; + bycsy )x? + (bycy + bycy )z + bycy

= a3x3 + ayz® + ajx + ay

w2 A,

as = bicy , ay = (b101 + bOCQ) , a; = (b100 + bocl) , Gy = bycy -®

oltf ®2& f(x)e ATl HIRS fr)E T3t 2ol vrehdh,

1 1
f(x) = 3a,2” + a,2® + 5 mT+ 5 a

= 3bcyx® + (bye, + bycsy )z + é (byco + bycy )z + %boco

= é {6b102x3 + 2(bye; + byey)z? + (bycy + byey ) + boco}
1 (/{3 2 2
= (1)b1 (2¢,)z® + {(1)b101 + (0) bo (202)}x2
+ ((1)&7100 + (é)bocl )x + (8)6000

= %(blxwLbO) ¥ (2c,0° + cpr +¢y) — ®

_21_
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ok 2700 3 2 hay.2 4 ay,2la,2lay 4 4 ay OJEE TS TS

2% by
24 (bye; + byey)
21 (byeg + byey)

2| bye

4 ¥ bye,
2|bocy , 44 bycy OTEE 2|by , 24 ¢y Bx= 24 by, 2] ¢ 0Tt

L 20by, 24¢, Q1 A5 22 2] (g +byey)= THFEIoF 3l 2 BxAe] 4.4, BE
2] 4.50] o) 2]p, otk AR 2 2 kb, o 3 Eaolth

IL 240, 21, B 22 2| (biey+bye; ) S THEalof 3= BExAeE 4.4, HX
gel 4.590 o) 2 thoolu ¢ =2¢), ¢y =2¢, °l¥FaL L A ®°f]
st f(z) = vk #Zo] yebdth

|C1 ©

|
|
flz)= % (byz + by) * (2c,2” + 2¢,'x + 2¢,") = bz + by) * (cy2® + ¢,z + ¢,)) € h(Z)

TS b, =0, =0 O1BE (byx+by),(cpz” + ¢,z + ¢,)) & Uh(Z)) ©lth
GEEE BE EAS WERS 6 f0)E A@)OIA J)oelEe gel mee] 4

2 WA f(2) 7 h(z)AA 71SelE (o) Zls]el A 7okl

@2)=(1) G4 g(x)7F Z[z]olA 71 & ), BG&4 f(z)7F h(z)o A 7] ko]

ohvietar kA ged(3ay,ay, a5 ag) = 191 ged(3ag, 0y, o

Fl@)7F h(@) el 719k A G2 ol Bz f(r)E Aerhdale] obd F )9
Hurwitzthal2l o] o2 Fa ).
of W, AFE b, b,y es € 2ol WS f@)E T3 o] vehdtt

aq ,
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flx) = (byz+by)* (cgz® + c;z+ ¢y) (b, # 0,cy = 0)

S N N Y

= 3b, 02x3 + (2byc, + bOCQ)xQ + (bycy +byey )x +bye,

= 3a3x3 + ay2” + 1

2a1x+

P
w2},
a3 = bicy , ay = (26101 + bOCQ) , a; = 2(b100 + bocl) , Gy = 2bycy -

oful 4 @ gx)e] A% HAFA g(o) T3} Lol vhebdTh

glz) = a3x3 + a2x2 + a1z + q
= byeyx® + (2by¢; + bocy )z + 2(bycy + boey )z + 2byc,
= b102x3 + {b1(2cl) + bOCQ}x + {b1(200) + b0(201) }x + bO(QCO)
= (byx + by)(cyz® + 2¢,2 + 2¢,) € Zx]

ol g(@)7F Zlz]olA 719Fo] oyl Rsmo] AZY. webA g(2)7F Z[z] oA
71kl ™,  f(x) 7k h(z)ol A 7]2Foltt. m

73

ATHEE AEAFE 2 43 Hurwite B Z1obgel dhel tobnis o
A, mA e

BHEAY 4.7) 9A v

1>

fla) = az" + azz® + apz® + ayx + ay € h(Z)

an

of Wiate] 44a, O3 64 a,01®, THEA fz)E h(z)A 7)ot

T8 WeF f(@)7F h(@)olA 71erol ek ekal shAf
flx)= h(Z)91oA 71eke] ol AT OB f(r)= dttd o] ofd 7
Ml Hurwitz ©Fd21o] wow Fddrh d2euR f(z)= a3 Ak s
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ol 443} o] 2pA oz Ql4Ra W),

L. f2)=g() * ha), deglgla)) =1, deg(h(z))
497

)=3 ,9(z),h(z) € R(Z)A BF
St by, b,y y Coy 0y g € 2O B flz) =

;%ﬂ o] UpEhd,
f@) = (b +by) * (e5a° + e’ + e + )
T TP

o N R P

= 4blc3x4 + (3bycy + bycy )a?

(by #= 0,¢c5 = 0)

+ (2by¢; + byey )z® + (byeg + byey )z + bycy
w2} A a, =4bc; O|BZ 4]q 0|t}
I. f(z)=g(x) * h(z), deglyg(x))=2,deg(h(x))=2 ,g(z)h(x) € R(Z)A 7BF
b

fx
e b Q,bl,bO,CQ,cl,COEZOﬂ o i f( )= o5 2ol yehdt

flx) = (62x2 + by + by ) * (02x2 + e +ep)
= (3)b202x4 + ((g) bycy + (i’) bICQ)x?’
+ ((g) bycy + (?) bic; + (g) bOCQ)xQ + ((1) bicy + (é)bocl )x + (8)6000

= 6bycor’ + (3byc, + 3bycy )2®

(by = 0,cy = 0)

+ (bycy + 2b,¢; + byey )z + (byey + byey )z + by,
A a, = 6bye, °1EZ 6]a,°]T}

Lol ofel f(z)7F h(Z)olA 712kl obd wf 4]a, 1A 6]a,°lH
ek 4ta, ©1aL 64 a0, T f(a)= h(Z)oM 71efett. m

BEAY 4.72FE GAGEA f(z) = aya’ + az2® + agr® + ayx + ap € h(Z) 0] W
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&l 44a ©l3 64a0lH 7IAS & 7 vk AHUER 4|, EBE 6|0, B
|

mal orobn A,
WA 410, Y f2)e) oS AHBA,

(%‘3] 4.8) OU]*CL]SL] a4,a3,a2,a1,aOEZ Oﬂ ma‘Hy
a, #0 , gcd(4ay,a;3,ay, a;, ag)=1, 6lay , 6lay , 2la, ©1H T F Fo] &

o]ty

1. f(z) = 4a,2" + a3x3 + ayz® + ayx + ag € h(Z) oA 7]eFo]t},

2. glx) = %a4x4 + %ag)x?’ + éanQ + ayx + ag € Z[z] oA 7]eFo| T},

FR(D=2) G4 f@)7F h@) A4 71k A W A g@)7h Zle]l A 7o
ol ofuetar kAt ged(4ay, ay, a5, a5 ay) =101 ng(%a‘“_

oltt. g(x)7F Z[z] 91014 7] efe] et AAITEAoIBR g(x)= FFthEa o] o}
d o e Aedn e oz sddrh

DBE g@)E QNG A EE oA oo A5 Bk

I. gl@)=hz)k(z), deg(h(z))=1,deg(k(x))=3 ,
AR by, by 00y ey € 20 B gla)E T o] drEbd

g(:v) = (b1x+bo)(03x3+02x2+01x+00) (b1¢0,c3?ﬁ0)

= besz’ + (byey + byey )z® + (byey + byey ) + (byey + byey )z + bycy

1 1 1
= Ea4x4 + Ea3x3 + 5a2x2 + a,x + q,

w2 A,

{ a; = 6bycy , a; =6(bjcy +bycy)

a, = 2(b101 + bOCQ) , ap = (b100 + bocl) , ay = bycy

ol 4 @& f(z)o] Aol s, f(z)= th&3 2ol e
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f(x) = dax* + aza® + a2 + ayz + a

= 24b,cyx" 4+ 6(bycy + byes )z + 2(bye; + bycy )x + (bycy + byey ) + bycy
- (‘11)1;1 (63)a" + {(i’)b1 (2¢,) + (g)bo (6¢5) }x3

)+ 2otz b+ (e + (s o + (e

= (b + by) * (6c52° + 2co2” + ;2 + )
o= flz)= h(Z)NA 719Fe] ofdeb= 7Hg ol Essoltt

0. glx)=h()k(z), deg(h(z))=2,deglk(z)) =2 ,h(z)k(x) € Z[z]S1 85
7(—11:01—‘]. b

X
by, by by ey, ey € 20 OIS gla)E T} o] vhehuth,

g(x) = (bya® + bz + by )(cyr® + ez + ¢;) (by = 0,cy = 0)

bycor + (bycy + bycy )2 + (bycy + bycy + bycy ) + (bycy + byey )z + by

1 1 1
= Ea4x4 + Ea3x3 + 5a2x2 + a1z + q

w2 A,

{ a; = 6bycy , a3 = 6(byc; + bicy) ®

ay = 2(bycy +bycy +bycy) , a; = (byeg +byey) 5 ag = bycy
ol 2 ©F f(x)el Aol sk f(z)= W3t o] vehdth

f(z) = da2” + azz® + a2® + ayx +

= 24bycyxt + 6(byc; + byey )z® + 2(bycy + bycy + bycy )z + (bycy + bycy ) + bycy
4 3 3
= (2)(2b2)(202 )zt + {(2) (2by )e, + (1)b1 (2¢,) }x3

+ {(g) (2by)cy + (?) bic, + (g) by (2¢,) }xQ + ((1) bicy + (é)bocl )x + (8)6000

= (2byz® + bz + by) * (2¢,2 + ¢z + c)
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(Z)oN A 7]efeleb= 7Hg ol Essolth,

o]

rr

LI ol A fla)7F (@)l 719w g(z)7F Zlx]ol A 71eF o]t

o

-

(2=(1) &2 g()7F zlz]oA 71k 4 W, d&24] f(2)7F h(z)oA 7]kl
Yzkar a2 fa) = h(z)$1elA 7]ete] om AT ol mR f(z) & e
2ol opd F sl Hurwitzth@2le] wo& TR I1HER f(z)v= dA2%
kA = o] 2p 3} ojapA o °1Tfoﬁ ot

o

k(z) € n(zZ) 38-F

I. fl@)=h(z)* k(z), deg(h(z))=1,deg(k(z))=3 ,h(x)k
;ﬁv J’bl,bO,C3,CQ,Cl,COEZ°ﬂ ﬂ%H f( )TL—: g“’]‘ ]Q'E]'H_'q
flz)= (byz+by)* (c2° + cor® + cjz + ;) (by #= 0,c5 = 0)
= (le)blcg:v4 + ((i’) bicy + (8) boc3)x3
+ ((%) bic, + (g) bycy )x2 + ((})IHCO + (é)boc1 )x + (8) bycy
= 4b,cyx’ + (3bycy + byey )a®
+ (2by¢; + byey )z® + (byeg + byey )z + bycy
= 4a4x4 + a3x3 + a2x2 + a1z + q
WA

{ a, =byey , az = (3bycy +byey) ©

ay = (26101 + bOCQ) , ap = (6100 + bocl) , Gy = bycy

olm A ©F ()9 A5 A gla) = TH3 Lol vhehit,
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glx)= la4x4 + la?):v?’ + lanQ + a,x + a
6 6 2
- Eblc'gx + 6 (3b102 + bng)
L (2b,¢; + bycy )a® + (bycy + bycy ) + bycy
1 1 3
= E{Ihcsx + (3bycy + bycy )x }
+ 3(2by¢, + bycy )2 + 6 (bycy + byey )z + 6byey
E bieszt + {by (3¢y) + byey }x
+ {by (6¢,) + by(3¢c,) }xQ + {by(6¢y) + by (6cy) Jx + by (6¢)
= E (blx+ b )(03x3 + 302x2 + 6c,x + 600)

SR HEZ Aol 2.149] o3

3 =}, webs =it

o

[L

T
1:1
T

oWl AATLA gla)= FEAl QA
) 2} A 3} AbxpAl o 2 ©

[L

= A3 Z9NA ¢

g(z)+
QA B

deg(h(z)) =2, deg(k(z)) =2 ,h(zx).k(z) € h(Z)R]

I. fz)=nz) = k),
T by, by s by eys e 0o € 201 TR fo) = TRt el WEpdTh

;__':
(“2 = O,CQ = 0)

flx) = (byx® + bz + by) * (coz® + ¢z + ¢y )

= (;l)b202x4 + ((g) bycy + (i’) bICQ)xg

(B s+ 2o ([ (e )+

= 6bycyr’ + (3byc, + 3bycy )2®
(bycy + 2bycy + bycy )z + (bycy + byey ) + bycy

= 4a4x4 + a3x3 + a2x2 + a1z + q

w2},
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a, = %ch2 , a3 = (3byc; +3bycy) o

a, = (bQCO + 2bycy + bOCQ) , ap = (b100 + bocl) , Gy = bycy

ot 4 W gx)e] AN HASY, g(o)E THe Lol vehaeh,

1 1 1
glx) = Ea4x4 + Ea3x3+ 5a2x2 + a,z + q

== l M %b202x4+

6 L 3(byey + byey )z?

6

5 (bQCO + 2b101 + bOCQ )x + (bICO + b001 )x + bOCO

S bQCQx + = (6201 + b,cy )a?

+ % (bycy + 2bycy + bycy ) + (bycy + byey )z + bycy

_ i {bQCQ:ﬁ + 2(bye; + byey)a® }

+2(bycy + 2bycy + byey )x” + 4(bycy + byey )z + 4bye,

1 4
= bocy + {by(2¢,) + (20b)c, o
+ {by(2¢y) + (2b1)(2¢;) + (2by)c, Ja°

+ {(2b))(2¢y) + (2b)(2¢,) }z + (2b))(2¢))

= i (by® + 2byx + 2by )(coz® + 2¢,x + 2¢,)

ofml ANTHH o) FAFA QA A5E Hme 4 2140 o
go)e AFE 29004 R4 ol o Q5Ee frk. weha Eazolth

[0l 93l g(z)7t zlz]A 719k wl] f(z) 7} h(z)ol A 712kt »
ShH el 4.8 YA f(x) = da, 2 + ag2® + apx® + ayx + ay € h(Z) 7}

1
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el

6la,Q) 48 AHARYY. EOR 610, BF S 71oPel e e
A3 YA sAeA Ragivh e 3 el B f@)e Zlerdel daA
o A H R A},
B2AF 4.9) 7]%ko] ol QA4

fla) = dag' + a2” + a,2” + a,x + ay € h(Z)
N 3 fa, ol AP T o] 7] v

bz +b, , 03x3 + 02x2 +axte € h(Z)

flx) = (b +by)* (c2® + cox® + iz +¢;) , (by #0,¢5=0)

2 14 dd
Zw ok f(z)7} oA T} ]x}nog QA4RE HW 6]4a, ©lth olul  3]q,°]
g Reo] A webA flo)w A AR 0 R QIS e

(%a 4~1O) Oﬁ]*g]*g] a4,a3,a2,a1 ’G’OEZ Oﬂ lj]?S‘H
a4 #0 5 ng(4a47a3aa27 al’ ao):1 , 3*014 5 2|a4 s 6|a3 s 6|a2 s 9|a1 s 27|a0
O]_T_V_

1 1 1
g(z) = s aa' + —a3x3+ — apz? +

e
2 6 6 ay EZ[x]

1
—qr+ ==

9 27

flz) = daz* + azz® + apx® + ayx + ay € h(Z)
ehat 3H g(2)7h Zlz]ol A 719k A W @) h@)elA 7efeltt

T8 @A g()7t zle]AA 71k W, B f@)7h az)ellA 71eke] ob e
a2k olu) f(x) = dagat + ag + a2 + ax + ap € R(Z) NA 3 ha, O1EE
WEAE 4.99 oA Adet T o] 7ok thaA

biz+by, gz’ + cx’ + ez + ¢y € h(Z)7F EAEA]

flz)= (byx+by)* (c32° + o + iz +¢y) & B HATh
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flx) = (byx+by) * (c32° + cox® + ez + ¢;)

= (‘f)blch‘* n ((i’)blcQ n (8)6003 )x3
(e (G (o + (o e o+ G

= 4b,cyz’ + (3bycy + byey )a®
+ (2b,¢; + bycy )2 + (bycy + bycy )z + bycy

= 4a4x4 + a3x3 + a2x2 + a1z + q
LER]
{ a, =bycy 5 az = (3bycy + bycsy)

ay = (2b,c; +bycy) 5 a; = (bycy +byey)  ag = bycy
ol 2 = g(z)o WY, g(x)= T o] et

_ 1 4 1 5 1 5 1 1
g(x)—2a4x+6a3x+6a2x+9a1x+27a0

= %b103x4 + % (3b,cy + bycy )

1

1
te (20,¢; + byey)2” + r (bycy + bycy )z +

bYa bycy

= 5%{27b103x4 + 9(3bycy + byey )2® }
+ 9(2b,¢; + bycy )z + 6(byey + byey )z + 2bycy

1 4
= (3b,)(9¢y)x

+ {(3b)(9¢) + by (9¢cy) }a® + { (3b)(6¢,) + by (9¢,) } 2

+ {(3b,)(2¢,) + by (6c;) f + by (2¢y)

5%1 (3b,z + by )(9c3z” + 9oz + 6y + 2¢,)
olwl g(z)= FElFAl QA Aital] HE= g 2.140] o3 Z+3 z9el
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A ogle)s Ao Juh web Bl 22 BR ()7t Zlz]dlA 71Fd )

A000A - f(x) 7k h(Z)ol A 71k
[e)

A W g(z)7t Zlz]olA 719
o} walAE Tt oo U# 4

A 7%k
A7t We g Aoz nal

HJE
L
.—E‘ rlo

FEHE NG f(z) = a2’ + a3x3+a2x2+ amz + ay € h(Z) 3l 6]a,
f

(0)9] 715 e AARES 4.

(%‘3] 4-11) OU]*CL]*CL] a47a3aa2,a1,aoez Oﬂ maﬁ,
a, =0, ng(6a4aa3aa2a Gy ao):1 , 4|a4 s 6|ag s 2|GQ O]Ud Q'% ‘ITZ }—Zj_o] %

A ot}

1. f(z) = 6a,2" + a3x3 + ayz® + ayx + ag € h(Z) oA 7]eFo]t},

2. glx) = iaw‘l + %ag)x?’ + éanQ + ayx + ag € Z[z] oA 7]eFo|t},

ZFP)=2) BFA f@)7t a@z) A ANk D w GFA g(a)7h zlz]lA 7]
o] ofyeltar s}AL gcd(6a4,a3,a2, a , ao):lo]@ gcd(iamé
olt}. g(z)7} Z[z] 1A 7]eko] ol A TFEA o] BR ¢(2)E AThE2 o] ol
= o] Asrjarae] Fo 2 T

TEEE g)e QAT A EE oA T ooz eIk il

[. g(@)=h(2)k(z), deg(h(z))=1,degk(z)) =3,
Zﬂ!%:} blab(),Cg,CQ,Cl,COEZOﬂ ma‘H g(I)T‘:‘ q—%‘ﬂ]‘ Z’:}O] qE}ﬂ—q—

g(x) = (byx + by )(cs2® + ez + ez + ¢) (b; # 0,c53 = 0)

= besz’ + (byey + byey )z® + (byey + byey ) + (byey + byey )z + bycg

1 1 1
= Za4x4 + Ea3x3 + 5a2x2 + a1z + q

w2 A,
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{ a, =4bjey , az =6(b;cy +bycy)
- ®

ay =2(bye; +byey)  ay = (byey +byey) 5 ag = bye,

oluf 2 @S f(x)e Aol NYstH, f(a)v v 2ol Yl

f(x) = 6ax* + aza® + a2 + ayz + a

= 24b,cyx" 4+ 6(bycy + byey )z + 2(bye; + bycy )x + (bycy + byey ) + bycy
- (‘11)1;1 (65)a' + {(i’)b1 (2¢,) + (g)bo (6¢5) }x3

TR N [ P

= (byx+by) * (6c32° + 2con” + ¢z + )

ol flz)= h(Z)olA 71eFe] eyt 7ol Eolth

. gl@)=hx)k(x), deg(h(z))=2,degk(z)) =2 ,h(x),k(z) € Zlz]N -+
S by, by, by, ey 0y € Z0 WA g(z)E TFS3} 7o] e
g(x) = (bya® + bz + by )(cyr® + ez + ¢;) (by # 0,c5 = 0)
= bycyxr’ + (byey + bycy )az® + (bycy + byey + bycy )2 + (bycy + byey )z + bycy
1 1 1
= Za4x4 + Ea3x3 + 5a2x2 + a1z + q
web A,

a; = 4bycy 5 a3 = 6(byc, + bicy)
| y

ay = 2(bycy +bycy +bycy) , a; = (byeg +byey) 5 ag = bycy
oluf 2 WE f(x)o] Aol st f(z) & v o] Yephdt)

f(z) = 6a,2" + aza® + apx® + ayz + a,

= 24bycyxt + 6(byc; + byey )z® + 2(bycy + bycy + bycs )z + (bycy + bycy )z + bycy
- 33 -
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- (‘21)(21;2)(202 ot + {(g) (2by )y + (i’)b1 (2¢,) }x3

+ {(g) (2by)cy + (?) bycy + (g) by (2¢,) }x2 + ((1) bic, + (é)boc1 )x + (8)6000

= (2by2” + by + by) * (2c02” + cjz + ¢, ) € h(Z)

o]

rr

f@)= h(z)o A 7]ekelghs 7Hgell Bsoltt.

L0 ol 93lA fla)7t h(z)ol A 715D W g(a) 7} Zlz]ol A 719F o]t

=1 B&4 g(x)7} zlz]oA 71k & W, G4 f(z)7F p(Z)oA 7]eko] o}
Uekal kb f(z)E h(z)S1el4 719Fe] obd AAqraa) olnm f(z)= A5thd
2jo] obd = Jfe] Hurwitzth@d2)e] wo= FAdd. 2Bz f(o)= LAk}

HAA e o)A} oo AR Wik

I[. fl@)=hz)* k(z), degh(x))=1,deg(k(z))=3 ,h(
e by, byacs,coneq, o€ 20 HE fx)E T 2ol YERIT

flz)= (byz+by)* (e + cor® + cjz + ;) (by #= 0,c5 = 0)
= (le)blcg:v4 + ((i’) bicy + (8) boc3)x3
+ ((%) bic, + (g) bycy )x2 + ((})IHCO + (é)boc1 )x + (8) bycy

= 4b,cax’ + (3bycy + bycy )
+ (2by¢; + byey )z + (byey + byey )z + byeg

= 6a4x4 + a3x3 + a2x2 + a1z + q

w2 A,

a, = zblc3 , ay = (3bjcy +bycy)

3 - ®
ay = (2b,c; +bycy) , a; = (bycy+bocy) 5 ag = bycy

olu 4 B ()9 A5 A gla) = 3 Lol vhehict,
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1 1 1
g(z)= Za4x4 + Ea3x3 + 5a2x2 + ax + a

1

4 g b103£€ + 6 (3b102 + bng)

L (2by¢; + byey )a® + (bycy + bycy )z + bycy

= %{blcg:v4 + (3bycy + byey )a?

+ 3(2by¢; + byey )z + 6(bycy + byey ) + Gboco}
1

5 bicgz’ + { b, (3¢y) + bycy Ja

+ {b,(6¢c1) + by (3cy) ba® + {by(6¢y) + by (6cy) }a + by (6¢y)

5 (b1x+ b )(03x3 + 302x2 + 6c,x + 600)

olu AHFA g(z)
T3 Z91NA gla)E

=

Al QoA ds] HER A 2.14¢0 s A
A 3} AbxpAl O 2 o]./;%

<)

I €. mep meol,

L
.
[e))]

E

I. flz)=h(z) * k(z),

deg(h(z)) =2, deg(k(x)) =2 ,h(x),k(x) € h(Z)A 735
;ﬁv Lanb1ab0aCQaC1aCOEZOﬂ ﬂ%H f( )TL—: Q'%‘T”]‘ZE ] L]—E]—‘J—ﬂ—
flx) = (byx® + bz + by) * (coz® + ¢z + ¢y ) (by = 0,cy = 0)
= (;l)b202x4 + ((g) bycy + (i’) bICQ)xg
+ ((g) bycy + (%) bicy + (g) bOcQ):v2 + ((}) bicy + (é)boc1 )x + (8)6000
= 6bycyx” + (3bye, + 3bycy )2®
(bycy + 2by¢; + bycy )z + (byey + byey )z + bycg
= b6ayx” + a3x3 + a2x2 + a1z + q

w2},

_35_

Collection @ chosun



a; =bycy , a3 = (3byc; +3bycy)
-
= (bycy +byey) , ay =byc,

ay = (bycy +2byc; +bycy) , a;
olwl 4 V& g(z)el Aol tidstd, gla)= 53 2ol Yehdt

1 1 1
glx) = Za4x4 + Ea3x3+ 5a2x2 + a,z + q

- i b202$4 + % M 3(b201 + bICQ )Ig

5 (bycy + 2bycy + bycy ) + (bycy + byey )z + bycy

= ibQCQI + = (ch1 + b,cy )a?

1
— (bycy + 2by¢; + byey ) + (byey + byey )z + bycy

_ i {bQCQ:ﬁ + 2(bye; + byey)a® }
+2(bycy + 2bycy + byey )x” + 4(bycy + byey )z + 4bye,
= i bycyr + { by (2¢,) + (20, )c, }a
+ {by(2¢y) + (2b1)(2¢;) + (2B ), }a°

+ {(2b))(2¢) + (20)(2¢)) }z + (20))(2¢))

= i (byx® + 2b,x + 2by ) (coz® + 2¢,7 + 2¢,)

ol AN o) = feleA QoA A5Es) sz A 2140 o)
1243 oAb 0w Qlite] Ht webq wesolt),

glx)= 453 z9lolA o

Lol ofel g(z)7t z[z]olA 719FL W) f(2)7F h(z)oll A 7]t m

f(z) = 6a,z* + a3x3+ ayr® + ax + ay € h(Z)7} 4]a,

a9 el 411% A
Q) AT Augth hEo 41a,9 A f)9 VRS HFnAD YA
W AsA R 1B 24,9 S f@)9 7ol AT Avnn
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= skt
(BzAF 4.12) & n(z)olx 719F0] o

f(z) = 6a,2* + 3a;32” + aya® + ayx + ay € h(Z)
AN 2 ka, oW AIT F IR 7]oF thbA

(byz” + by + by) , (et® + e+ ¢y) € h(Z)

flx) = (62x2+ bix + by ) * (02x2+ cr+cy)

9 et f(p)7) AT FAAow A5 HA 4la0lth olu) 2]a, o=
2 mo] AT Wb (o) oA oo QR ) s

(Xé?}] 413) ?:]9]9] (a4aaga02aa1aa()EZ) Oﬂ maﬁ,

a, #0 , ged(6ay,a;,ay, ay, ag)=1, 2 +ta, , 2lay, , 2la; , 4|la, ©13L

1 1 1
9(x) = a3’ + ag2® + S a0® + Saw + oy EL[a]

f(x) = 6az* + 3a;32”° + ayax® + ayx + ay € h(Z)
B 89 g(2) 7zl 1o A W pe)E h@)olM 7]kl

q R g7t ZllolA 1K) W, B84 f@)E @A F1el okzt
S 5L A},

f(x) = 6aa’ + 3a,2° + apx® + oz + ay € h(Z) , 24 a, A 7]SFo] o th&t
omz wEgY 4.120] ol AR F A9 sl by

(byx® + byz +by) 5 (e + ez + ¢) € h(Z)7F EA A

kol
of

> O
£

>

flz) = (bya® + by +by) * (coz” + cyz +¢,) = BH HATh,
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flx) = (byx® + bz + by) * (coz® + ¢z + ¢y ) (by = 0,cy = 0)
= (3)6202x4 + ((g)bQCl + (?)6102 )x3
+ ((g)bQCO + (?)blc1 + (3)6002 )xQ + ((1)&7100 + (é)boc1 )x + (g)boco

= 6bycor’ + (3bye, + 3bycy )2®
+ (bycy + 2b,¢; + byey ) + (byey + byey )z + bycy

= 6a4x4 + 3a3x3 + a2x2 + a1z + q
e},

{ a; =byey , a3 = (b102 + bQCl) o

ay = (bycy +2byc; +bycy) , a; = (bieg+byey) 5 ay = byey

oldl A @E gx) WA, o)t T} o] Yehdrt,
g(m) = a4x4 + a3x3 + %anQ + %alx + iao

= b202x4 + (bycy + bycy )a?

+ % (bycy + 2byc, + bycy )z + % (bycy + bycy )z + iboc0

= %{46202164 + 4(b102 + bQCl )xg }
+ 2(bycy + 2bycy + byey )2 + 2(bycy + byey )z + byey

—_

=7 (2b,)(2¢y)x" + { (2b)(2¢,) + (2b,)(2¢,) }a
+ { (2by)cy + (201)(2¢,) + by (2¢,) }xQ
+ {(2b) )y + by (2¢,) o + bycy

= i(2b2x2+261x+b0)(202x2+201x+00)
oldf g(z)& FrelaAl QoA Aewsl Hu=Z g 2,149 93l g(x)
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ZR oA E Qg ot webd Bolth, aHER g(x)7F Zx]dA 71k w)
f@)7F h(Z)el A 7]

AG7HA BAGE b 4% Hurwitz ©h@k2] o] 7]epdell dis] drofrgtet. 44k
o] ?—(]' Hurwitz E}“% Jo] A= ). EANF okA

19] 7] Lol A
= n2b Hurwitz ©Ha2] 9] 7)ofd S oS3 o] <

(xé‘:q 414) Zﬂv%é} Ap 5 Qp—1 577 QA 5y A aa()E Zoﬂ ma‘H, (712 2)
a, =0, gcd(na, ,a,_ 1, a; ,--ya,)=1, (n—1)a, , illa; (0 <i <n—1)°|H

U 7 230l Aot

L f@) = na,a" +a, .+ +aa'+ -Fa) € h(Z)NA 71eF o]t

1 , 1 - 1
-~ aa4— n e 4 —axt e c X
2. g(z) (n—l)!a"m + (n—l)!a"flx + + T + + ay € Zlz] A

T8 (D=2) 932 fl@)7t (@)l 719 o o B34 g(2)7F Zlz]olA 71eF
o] ohuletar 3.
gcd(na" Sy ’...’ao)zloltﬂ ng( (n—ll)'a" ,( _1)|a"71’--.’ Fa' ’...’ao)zl

olth. g(z)7} Z[z] 9ol Al 7]oke] ol AAThaA B R ¢(x)= A
® e AeaTrge Fow wAWT

&
i)
ot
1>
o
K
T

1 <s <n—-1,1 <t <n—-1, s+t=n = WHHs= s, ¢t o s ZI3
o

(ba® + - +bjxj+ +bo),(ctxt+ +ck,x"’+ o+ cy) € Tlx)

g(x)=(ba®+ - +bjxj+ o by )zt + o Feat ot ) (b #0,¢, % 0)
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= bsctx” + (bsct* 1 + bs* 1€t )x”* !
4 ot (byey +ot by g+ o gzt o4 (bieg + byey )T+ by

1 n 1
= ——ra,x + 7(71_ 01

n — 1 7
n—1 i
(TL 1)| a, 1T + .- +_CLL£C + .- +a1x+a0

7!
whahA,
{ a, = (n—1)b,c,

a; =il(bicy+ -+ +be, o+ - +bye;), (0 <i <n—1,k <1)

-®

ol 4 BE f(x)) Aol AUFA fla)E T ol viehieh

f(z) = nax"+ -+ az' + -—+a,
=nlbye,z" + (n—1)(bye,— | + by_yc,)z" '+

“+Z!(bLCO +"' + bkci,k+ "'+ boct)xt+ "'+(b100+b001)x+b000

n!
= wstbcf
(n—1) (n—1) } 1
— 7 sl(t—1)! — "7 n
+{ s!(t—l)!s'(t )b+ (s—l)!t!( 1), _ ¢,
++{ 10!b,c ++--+ i El(i—E)b +oe 'b}
ZO iCo m kCi— k 0 OZ 0Ci
1! 0!
+ -t 1 0!'byc;, + o ——0!1lbyc; 1z + WO!OH’OCO
_ (Z)(s!bs)(t!ct)x"

st + (P21, e o
- {(2)(i!bi)(0!co)+ o (li)(k!bk,)((z‘—k)!ci,k,)+--- + (é)(owo)(i!q)}xi

4ot {(})(1!1;1)(0!@0) + (é)(O!bO)(l!cl)}x + (8)(0!1)0)(0!@0)
= (slba® 4+ -4 jlba’ + - +0by) * (tle,z’+ - +hlea” + -+ + 0ley)
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o]

f@)7F n(z)o A 71ekolek= 7hg ol Rieo]l At webA f(2) 7F h(z)olA
71kl g(x

)& Z[z]oll A 7] el

_13 rlr

o

(@=1) B ()7t zle] A 1% D W B f@) 7 h(@)NA 71kl ok
et s,

f@)e= h(Z)NA] 7]1%ke] ofd AT ol B f(2)E AFrhakao] ofd
7He] Hurwitz thak2) o] o2 ).

fl@)=(ba" + - +ba’+ - +by)* (¢’ + - +¢a’+ - +¢) (b, #0,c,#0)

n n n—1 n—1 n—
o (= e [ )

dee ((i)bico et (k)bkci,k deee (O)boci)x

P ((1)1;100 + (é)bocl)x + (8)6000

= na,x" +a, " 4 +az' + +a, +a
e},
_ (n—1)

no gl

IS

b,c,

)
a; = {(;)bico +o + (z)bkci,k +o (é)boci}, (0 <i <n—1,k<1)

oful 4 ©L g(x)e] A% HAFA g(o)E T3} Lol vhebdTh,

1 , 1

n-— 1 i
ma”,lx T 4 M + - Fax+q
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B 1 (n—1) " 1 (n—1) (n—1) 1
= bsar” 7 {s!(t—l)!bsct+ (s— 1)t b‘**lct}"”

T i—l!{%bicﬁ + k!(zz it et 0|'|boc}
ot %{ 1}(!)!”100+ oﬂ!bﬂcl}"’c+ 01! o(!)(!)!boc0
= ﬁbsctx” + {ﬁbsct + mbrlct }16"71
T {%O!bicont e mh@,kﬁ . 0|1|boc}xi
1
+ -+ {To!blco 0|1|b001}x+ 0|0|b000
= [ lpee + { o )+ (e e o
re (ol gl oo (grm)lrel
e { gl + (orell e b + (gl
= (%bqu st %bjxij S S,b )( Lt +%ck:ﬁ’+ et &co)

_ (,Poba® +4 P, bl +- + Pby )(Pyeat + + P ezt +o 4+ Pyey)

gl st s =Yy

ol AT g(z)= fFrelFAl QA deEa Huzm g2 2.14¢0 os A
T zHAA g)= dFEs do webA Reolth avERE g(a)7t Zlx] oA
71k 9 f(z)7F n(Z)o A 71efoltt. m
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(Iq—%xé‘:q 415) 7.9'%115‘1- Qp 5 Q1 57y Gy 50ty a1aa()EZoﬂ maﬁ,
a, =0, gcd((n—1)a, ,a,_,, a; ,-a0)=1, nla, , illa, (0 <i <n—1)°]H

U 7 23] Aot

1. fz) = (n—1)a,2" +a,_ 2" '+ +azx' + -+a, € h(Z)AA 7] o]t}

2. glx) = ia”x" +%a”,1x"71 s 4 ia,x' + o +ay € Z[z] oA 7] ko)
n (n—1)! 7!

F9 (D=2 434 f@)7F h@)ANA 71k o | BB g@)7 zl]A 7)o
o oleli &},

ged((n—1)a,, ,--, a; ;- a,)=1°1"  gcd(—a, ,(n_11)|a”,1, , Zl|a,, ay) =1
ot}

g(@)7t Z[z] 91914 71eke] obd QAT ol R 4(x)= iAol ol F
el Ardudae woR 3dd

1 <s <n—1,1 <t <n—1,s+t=n = WFd= s, t o dhal I3
oA

g(x)=(ba®+ - +bjxj+ o by )zt + o et ) (b = 0,¢, % 0)

= bsctx” + (bsct* 1 + bs* 16 )x”* !

4 ot (byey +o 4 by g+ o gzt o4 (bieg + byey )T+ by

1 n 1 n— 1 i
= 0T +ma”,1x T 4 7T %% + - +axr+aq
whe}A],
an:nbsct
-@
a; =il (bjeg+ -+ +bye,_ o+ - +bye;), (0 <i <n—1,k <1)

olwf A @E f(z)e] Aol st fz)= vt 2ol HEhdtt
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flz)= (n—1)a,2" + -+ aixi + - +a,
= n!bsctx”+ (TL ) (b Cf 1 + b lcf) n—1 +
s+ Z!(bICO G+ 4 bkCi,k + -4 boCl)x'+ '“+(b100+b001)x+b060

n!
= s FALR

+ {Ms!(t— )b+ ((871_—71)'(8_ )b, _ ¢, }x"’71

sl(t—1)! 1)
1! 1!
+---t+ { 0! —1!0! bCO +-- +mk'( k)'bkC k+ + = 0li 0|Z'bOC }
0!
-+ 1 0lbc, + 0'1 boc; (T WO!OH’OCO
= )(S'b )(tle,)z"

et + (P2 3)s—1,-tne)
+~~%{Gﬁﬂ@ﬂ0ww—+-~ +(ZﬁMbﬁ«i—kﬂq,k)+n-+(éﬁmaﬂ@wﬂ}f

4ot {(})(1!1;1)(0!@0) + (é)(O!bO)(l!cl)}x + (8)(0!1)0)(0!@0)
= (slb2® + ---+j!bjxj+ o 0y ) * (Hea' + - F Rl eat+ o+ 0ley)

o]

f@)7F h(z)el A 71ekeolghs 7FA ol Rizo] Atk webA f(x) 7t h(z)olA
71¢Fol¥ g(x

oW ()= Zlz]NA 7)Feltt.

_13 rlr

(=D T34 g(x)7F Zlz]lAd 71k A o 9@ f(z)7F h(zZ)ellA 7]1¢Fo] of
Yk &kt

fl@)e hZ)feA 71eko] ofd AATpaAolBnR f(z)= AFthEd2lo] ofd
709 Hurwitz thak2le] Ho =2 T3 FEch,

- 44 -

Collection @ chosun



(b + - +ba'+ - +1b), (¢a' + - + 2"+ - +¢) € h(Z)

=5

of EANA f(z)E The3 ol HAHL,

fl@)=(ba" + - +ba’+ - +by)* (ca' + - +¢a’+ - +¢) (b, #0,c, #0)

n n n—1 n—1 n—
P [ s+ )

) )

dee {(i)bico et (k)bkci,k deee (O)boci}x

P {(1)[)100 + (é)bocl}x + (8)6000

= (n—1)la,z" +a,_ 2" '+ —+az'+ -+a,
whepA,

n
a, = ——b.c
n 8't' st

a; = {(;)bico deee 4 (;)bk,ci,k +oeet (6)b00i}’ (0 <i <n—1,k<1)

13

ofm A WE ()9 Ac A gla) = 3 Lol vhehait,

9la) = aa”+ (n—ll)l a”*lxnil + + il_!aixi + + ax + a,
L n ' 1 (n—1)! (n—1)! } —

= byc,x" b. ~ n

n st * (n—1)! { sl(t—1)! st (s—1) 16 [T

e A L
BT BT VI A mk;cwk; BT

1 0

1 1! 1! !
e { o olor

10| Tor % T o bocl}x +
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_ 1 " 1 1 n—1
= mbsct;p + {mbsct + mbrlct }x
1 1 L
+ ..+ {Wbico+ e 4 mbkckkﬂL . 0| |b00}x
TR A —ar
' 110! 1™ orpr @ 0'0' 0%

[l (ol )+ g
s el e b e
AN E SEN T

1 . 1 i 1 1 L
_ (gbsf + ---+?bij+ . 0|b0)( cfx + -+ Tl Ckx - WCO)

= }H ((Pybyz 4ot P, bia +o 4 Poby )(Poca’ + + Py poat o0+ Pycy)

ol AT g(x)= FelFAl QM e Huz AL 2.14¢0 os A
TE zHAA gx)= dFEs doh web Reolth avERE g(a)7F Zlx] oA
71k 9 f(z)7F n(Z)o A 71efoltt. m
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