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I. INTRODUCTION

One of the basic problems in the differential geometry is studying the set of

curvature functions which a given manifold possesses.

The well-known problem in differential geometry is that of whether there ex-
ists a warping function of warped metric with some prescribed scalar curvature
function. One of the main methods of studying differential geometry is by the
existence and the nonexistence of Riemannian warped metric with prescribed
scalar curvature functions on some Riemannian warped product manifolds. In
order to study these kinds of problems, we need some analytic methods in

differential geometry.

For Riemannian manifolds, warped products have been useful in producing
examples of spectral behavior, examples of manifolds of negative curvature (cf.
[B.K.], [B.O.], [D.D.], [G.L.], [K.K.P.], [L.M.], [M.M.]), and also in studying

Lo—cohomology (cf. [Z.]).

In a study [L. 1, 2], M.C. Leung have studied the problem of scalar curva-
ture functions on Riemannian warped product manifolds and obtained partial
results about the existence and the nonexistence of Riemannian warped metric

with some prescribed scalar curvature function.

1
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In this paper, we also study the existence and the nonexistence of Riemann-
ian warped product metric with prescribed scalar curvature functions on some
Riemannian warped product manifolds. So, using upper solution and lower so-
lution methods, we consider the solution of some partial differential equations
on a warped product manifold. That is, we express the scalar curvature of a
warped product manifold M = B x; N in terms of its warping function f and

the scalar curvatures of B and N.

By the results of Kazdan and Warner (cf. [K.W. 1, 2, 3]), if N is a compact
Riemannian n—manifold without boundary, n > 3, then N belongs to one of

the following three categories:

(A) A smooth function on N is the scalar curvature of some Riemannian metric

on N if and only if the function is negative somewhere.

(B) A smooth function on N is the scalar curvature of some Riemannian metric
on N if and only if the function is either identically zero or strictly negative

somewhere.

(C) Any smooth function on N is the scalar curvature of some Riemannian

metric on V.
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This completely answers the question of which smooth functions are scalar

curvatures of Riemannian metrics on a compact manifold N.

In [K.W. 1, 2, 3], Kazdan and Warner also showed that there exists some
obstruction of a Riemannian metric with positive scalar curvature ( or zero

scalar curvature) on a compact manifold.

For noncompact Riemannian manifolds, many important works have been
done on the question how to determine which smooth functions are scalar cur-
vatures of complete Riemannian metrics on open manifold. Results of Gromov
and Lawson (cf. [G.L.]) show that some open manifolds cannot carry complete
Riemannian metrics of positive scalar curvature, for example, weakly enlarge-

able manifolds.

Furthermore, they show that some open manifolds cannot even admit com-
plete Riemannian metrics with scalar curvatures uniformly positive outside a

compact set and with Ricci curvatures bounded (cf. [G.L.], [L.M., p.322]).

On the other hand, it is well known that each open manifold of dimension
bigger than 2 admits a complete Riemannian metric of constant negative scalar

curvature (cf. [B.K.]). It follows from the results of Aviles and McOwen (cf.
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[A.M.]) that any bounded negative function on an open manifold of dimension
bigger than 2 is the scalar curvature of a complete Riemannian metric.

In this paper, when NN is a compact Riemannian manifold, we discuss the
method of using warped products to construct Riemannian metrics on M =
la,00) x ¢ N with specific scalar curvatures, where a is a positive constant. It
is shown that if the fiber manifold N belongs to class (A), then M admits a
Riemannian metric with some prescribed scalar curvature outside a compact
set.

Although we will assume throughout this paper that all data (M, metric
g, and curvature, etc.) are smooth, this is merely for convenience. Our argu-
ments go through with little or no change if one makes minimal smoothness

hypotheses, such as assuming that the given data is Holder continuous.
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II. PRELIMINARIES

First of all, in order to induce a partial differential equation, we need some
definitions of connections, curvatures and some results about warped product

manifolds.

Definition 2.1. Let X' (M) denote the set of all smooth vector fields defined
on M, and let (M) denote the ring of all smooth real-valued functions on M.

A connection V on a smooth manifold M is a function

Vo X(M) x X(M) = X(M)

such that
(D1) Vy W is (M)-linear in V,
(D2) Vy W is R-linear in W,
(D3) Vv (fW) = (VHW + fVyW for f e I(M).
(D4) [V,W] =VyW -V V, and
(D5) X <V, W >=< VxV.W >4+ <V, VxW >

for all X, VW € X(M).
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If V satisfies axioms (D1)~(D3), then VWV is called the covariant derivative
of W with respect to V for the connection V. If V satisfies axioms (D1)~(D5),

then V is called the Levi - Civita connection of M, which is characterized by

the Koszul formula ([O.]).

A geodesic ¢ : (a,b) — M is a smooth curve of M such that the tangent
vector ¢’ moves by parallel translation along c. In order words, ¢ is a geodesic
if

Ved =0. (geodesic equation)

A pregeodesic is a smooth curve ¢ which may be reparametrized to be a
geodesic. Any parameter for which ¢ is a geodesic is called an affine parameter.
If s and t are two affine parameters for the same pregeodesic, then s = at + b
for some constants a,b € R. A pregeodesic is said to be complete if for some
affine parameterizion (hence for all affine parameterizations) the domain of the

parametrization is all of R.

The equation V¢’ = 0 may be expressed as a system of linear differential

equations. To this end, we let (U, (z', 22, ..., 2™)) be local coordinates on M and

Collection @ chosun



7

let a%lﬂ 8%2, e 8% denote the natural basis with respect to these coordinates.

The connection coefficients F,f-“j of V with respect to (z',z?,...,2") are defined

by

2 (=—) = o
Pt &EJ) — Y Ok

1=

\Y

(connection coefficients).

Using these coefficients, we may write equation as the system

R - dzt dx?
+ e — =0 eodesic equations in coordinates).
2 ; it dt (g d )

Definition 2.2. The curvature tensor of the connection V is a linear trans-

formation valued tensor R in Hom(X (M), X' (M)) defined by :

R(X,Y) = VxVy — VyVx — Vixy).

Thus, for Z € X(M) ,

R(X,Y)Z = VxVyZ — VyVxZ — VixyZ.
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It is well-known that R(X,Y)Z at p depends only upon the values of X,Y

and Z at p ([O.]).

If we T;(M) is a cotangent vector at p and z,y,z € T,(M) are tangent

vectors at p, then one defines

Rw,X,Y,Z) = (w, R(X,Y)Z) = w(R(X,Y)Z)

for X, Y and Z smooth vector fields extending x,y and z, respectively.

The curvature tensor R is a (1,3) tensor field which is given in local coordi-

nates by

Z km@ ® do’? @ da® @ da™

i,7,k,m=1

,L' .
where the curvature components R}, are given by

% arin aF}C - a % a 11
jkm T axkj - +Z F jF Fk’jrma)
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Notice that R(X,Y)Z = —R(X,Y)Z, R(w,X,Y,Z) = —R(w,Y, X, 7)

and R, = —R!

jkm Jmk*

Furthermore, if X =Y 2’2 Y = >y’ 5, L = S22 and w =Y wda’

then
= 3 Ry
i,5,k,m=1 Oz*
and
R(w,X,Y, Z) Z emWi 2 TRy,
i,j,k,m=1
Consequently, one has R(dz’, 8xK’ &?m, 83:J) Ry

Definition 2.3. From the curvature tensor R, one nonzero tensor (or its
negative) is obtained by contraction. It is called the Ricci tensor. Its compo-

nents are R;; = Y " | Rj;. The Ricci tensor is symmetric and its contraction

S =31y Rijg” is called the scalar curvature ([A.],[B.E.],[B.E.E.]).

Definition 2.4. Suppose () is a smooth, bounded domain in R", and let
g = x R — R be a Caratheodory function. Let uy € Hy(Q) be given.

Consider the equation
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Au=g(z,u) in Q
uw=1uy on OS2

u € HY2(Q) is a (weak) sub-solution if u <wy on 092 and

/Vquodx+/g(x,u)godw§O for all ¢ e C5P(Q), ¢>0.
Q Q

Similarly v € H"?(2) is a (weak) super-solution if in the above the reverse
inequalities hold. We briefly recall some results on warped product manifolds.
Complete details may be found in [B.E.] or [O.]. On a semi-Riemannian product
manifold B x F. let m and o be the projections of B x F onto B and F,

respectively, and let f > 0 be a smooth function on B.

Definition 2.5. The warped product manifold M = B x; F' is the product

manifold M = B x F' furnished with metric tensor
g=m"(gs)+ (fom)ogr,

where g and gp are metric tensors of B and F', respectively. In order words,

if v is tangent to M at (p,q), then
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9(v,v) = gp(dr(v), dn(v)) + f*(p)gr(do(v), do(v)).

Here B is called the base of M and F' the fiber (]O.]).

We denote the metric ¢ by < , >. In view of Remark2.13 (1) and

Lemma2.14 we may also denote the metric g5 by < , >. The metric gg

will be denoted by ( , ).

Remark 2.6. Some well known elementary properties of warped product man-

ifold M = B x; F are as follows :

(1) For each ¢ € F', the map 7 |,-1(q)=Bxq i an isometry onto 5.

(2) For each p € B, the map o [;-1(g=pxr is a positive homothetic map
onto F' with homothetic factor ﬁ.

(3) For each (p,q) € M , the horizontal leaf B x ¢ and the vertical fiber
p x F are orthogonal at (p, q).

(4) the horizontal leaf 07!(q) = B x ¢ is a totally geodetic submanifold of

M and Vertical fiber 771(q) = p x F is a totally umbilic submanifold of M.
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(5) If ¢ is an isometry of F', then 1 x ¢ is an isometry of M, and if ¢ is an

isometry of B such that f = (f o) then ¢ x 1 is an isometry of M.

Recall that vectors tangent to leaves are called horizontal and vector tan-
gent to fibers are called vertical. From now on, we will often use a natural

identification

T(p,q)(B xpl) = T(p,q)<B X F)=2T,BxT,F.

The decomposition of vectors into horizontal and vertical parts plays a role

in our proofs. If X is a vector field on B, we define X at (p,q) by setting

X(p,q) = (Xp,0,).
Then X is m-related to X and o-related to the zero vector field on F.

Similarly, If Y is a vector field of F, Y is defined by Y (p, q) = (0,, Y,).

Lemma 2.7. If h is a smooth function an B, then the gradient of the lift

(hom) of h to M is the lift to M of gradient of h on B.
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Proof. We must show that grad(h o ) is horizontal and w-related to grad(h)

On B. If v is vertical tangent vector to M, then

< grad(hom),v >=v(hom) =dr(v)h =0, since dn(v)=0.

Thus grad(h o 7) is horizonal. If z is horizonal,

< drn(grad(hom)),dr(z) >=< grad(hon),x >=x(hon) = dr(x)h

< grad(h),dmr(x) > .

Hence at each point, dr(grad(hom)) = grad(h).

In view of Lemma 2.14, we simplify the notations by writing h for (how) and
grad(h) for grad(ho). For a covariant tensor A on B, its lift A to M is just its
pullback 7*(A) under the projection 7 : M — B That is, if A is a (1,s)-tensor,
and if vy, v, ..., v € T(p M, then A(vy, ..., v5) = A(dr(v1), ..., dw(vs)) € T,(B).

Hence if v is vertical, then A = 0 on B. For example, if f is a smooth
function on B, the lift to M of the Hessian of f is also denoted by H7. this
agrees with the Hessian of the lift (f o 7) generally only on horizontal vector.

For detailed computations, see Lemma 5.1 in [B.E.P.].
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Now we recall the formula for the Ricci curvature tensor Ric on the warped
product maniford M = B x; F. We write Ric? for the pullback by 7 of the

Ricci curvature of B and similarly for Ric!.

Lemma 2.8. On a warped product maniford M = B x; F with n = dimF > 1
let X, Y be horizontal and V, W vertical.

Then
(1) Ric(X,Y) = Rz’cB(X, Y) — ?Hf(X, Y),
(2) Ric(X,Y) =0,

(3) Ric(V,W) = RicF (V,W)— < V,W > ft,

Where f* = % +(n—-1) <gmd(f}’§md(f)> and Af = trace(H’) is the Laplacian
on B.
Proof. See Corollary 7.43 in [O.].

On the given warped product manifold M = B x; F, we also write S® For

the pullback by 7 of the scalar curvature Sp of B and similarly for S¥ From

now on, we denote grad(f) by Af. O

Lemma 2.9. If S is the scalar curvature of M = B x; I’ with n = dimF > 1,

then
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(2.1) S:SB+i—§—2n%—n(n—1)

where A is the Laplacian on B.
Proof. For each (p,q) € M = B x; F, let {e;} be an orthonormal basis for
T,B. Then by the natural isomorphism {€; = (e;,0)} is an orthonormal set in

Tip.pM. we can choose {d;} on T,F such that {e;,d;} forms an orthonormal

basis for T{, M. Then

1 =< d_jad_j >= f(p)2<dj7 d;) = (f(p)d;, f(p)d;),

which implies that {f(p)d;} forms an orthonormal basis for T, F. By Lemma

2.8 (1) and (3), for each i and j

Ric(e;, @) = Ric®(@,&) — Y ?H /(@)

)

and

<Vf,Vf>
f2

79

Ric(

SH
S8

) = Ric (@,@) — f*(0)gr(d;. dﬂ(% Fn(n—1)
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Hence, for ¢; = g(&;,&) and ¢; = g(d;, d;)

S(a) = D €aRao

[0

= Z e Ric(e;, ) + Z ¢;Ric(d;, d;)
i J
S"p.a) ., Af

—2n— —n(n—1)

= SP%(p,q) + 7 i

which is a nonlinear partial differential equation on B x q for each ¢q € F'.
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III. MAIN RESULTS

Let (N, g) be a Riemannian manifold of dimension n and let f : [a,00) — R
be a smooth function, where a is a positive number. A Riemannian warped
product of N and [a, 00) with warping function f is defined to be the product

manifold ([a, 00) x¢ N, ¢') with

(3.1) g =dt* + f*(t)g.

Let R(g) be the scalar curvature of (N, g). Then the scalar curvature R(t, z)

of ¢’ is given by the equation

(32)  R(t,z)= {R(g)(x) —2nf(t)f"(t) — n(n — DI f ()"}

1
F2(t)

for ¢t € [a,00) and x € N. (For details, cf. [D.D.] or [G.L.]). Here we also know

that if R(g)(x) is constant, then R(t,z) is a function of only ¢— variable.

Now we consider the following problem:
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Problem I: Given a fiber N with constant scalar curvature ¢, can we find
a warping function f > 0 on B = [a,00) such that for any smooth function
R(t,z) = R(t), the warped metric g admits R(t) as the scalar curvature on

M =[a,00) X N?

If we denote

then equation (3.2) can be changed into

4n

(1) + R(t)u(t) — R(g)(x)u(t)' 5 = 0.

(3.3)

If N belongs to (A), then a negative constant function on N is the scalar

curvature of some Riemannian metric. So we can take a Riemannian metric g;

4n
n+1

on N with scalar curvature R(g) = — k, where k is a positive constant.

Then equation (3.3) becomes
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In order to prove the nonexistence of some Riemannian warped product
metric with fiber manifolds of class (A), we have the following theorem whose

proof is similar to that of Lemma 3.3 in [J.].

Theorem 3.1. Let u(t) be a positive smooth function on [a,00). If wu(t)

satisfies

for some constant C' > 0, then there exists 3 > a such that for all t > t,

u(t) < cot”

for some positive constants ¢y and € > 1.

Proof. Since C' > 0, we can choose € > 1 such that e(e — 1) = C. Then from

the hypothesis, we have

tu”(t) < e(e — 1)t 2u(t).

Upon integration from ¢;(> a) to t(> t; > a), and using integration by

parts, we obtain
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t
tu'(t) — et tu(t) —t5u(t) + ettt ru(ty) + e(e — 1)/ 5 2u(s)ds
t1

¢
< C'/ s ?u(s)ds.
t1

Therefore we have

(3.5) tu'(t) — et tult) < t5u'(ty) — et ru(ty).

We consider two following cases:

[Case 1] There exists t; > a such that «'(¢;) < 0.

If there is a number t; > a such that u/(¢1) < 0, then we have

tu/(t) — et tu(t) < 0.

This gives

(Inu(t))" < e(Int)".

Hence
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u(t) < et
for all t > t;, where ¢, is a positive constant.

[Case 2] There does not exist ¢; > a such that u'(¢;) < 0.
In other words, if w/(t) > 0 for all t > a, then u(t) > ¢ for some positive

constant ¢’. Let ¢y be a positive constant such that

tu/ () — et u(ty) < e,

then equation (3.5) gives

tu'(t) — et tu(t) < ¢

for all ¢ > t;. Thus

€
t e

Integrating from t; to ¢t we have

u(t) t 2 cst
In—= <e¢en | — — < e¢en | —
Yutt) = (t1> o= e = ( t ) 7
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—@ ___ Hence we

as € > 1. Here c3 is a positive constant such that Incg > e
e(e— 1

again obtain the inequality

u(t) < bt

for some positive constant b and for all ¢ > ¢;.

Thus from two cases we always find tg > a and a constant ¢y > 0 such that

u(t) < cot”

for all t > t,.
Using the above theorem, we can prove the following theorem about the

nonexistence of warping function, whose proof is similar to that of Lemma 3.3

in [L.2].

Theorem 3.2 Suppose that N belongs to class (A). Let g be a Riemannian

4n
n+1"

metric on N of dimension n(> 3). We may assume that R(g) = —
where k£ is a positive constant. On M = [a,00) x ¢ N, there does not exist a

Riemannian warped product metric

g =dt* + f*(t)g

with scalar curvature

Collection @ chosun



23

for all x € N and t > tg > a, where ty and a are positive constants.

Proof. Assume that we can find a warped product metric on M = [a,00) x; N

with

dn |u"(t) k B n(n —1)
(3.6) n+1 | ut) - u(t)fl] = —B(t) < 12
and
") (nfll(n+1)
(3.7) wp) =P

In equation (3.7), we can apply Theorem 3.1 and take € = ”TH Hence we

have ty > a such that
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u(t) < cot 2

for some positive constants cq and all ¢ > t,.

Then

k ¢
u(t)n%l Tt

~

where 0 < ¢ < —£—isa positive constant. Hence equation (3.6) gives
n+1
€o

u” (t) < (n+1)(n—1)=9¢
u(t) — 4¢2 ’

where 4¢ > § > 0 is a constant. We can choose 6 > 0 such that

(n+1)(7;—1)—5: (n;l_é/) (n;1_5,>

for small positive d. Applying Theorem 3.1 again, we have ¢; > a such that

n+1 5’

u(t) < etz

for some ¢; > 0 and all ¢ > ¢;. And
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k c
3.8 > 5
(38) u(t)ﬁ — {2
’ " k . .
where € = - 15 and 0 < ¢ < ——. Thus equation (3.7) and (3.8) give
C'n+1

< (n—1)(n+1) ¢
— 442 $2—¢’

which implies that

for ¢ large. Hence u(t) < cot for some constant co > 0 and large t. From

equation (3.5) we have

u (t) —403 +(n+1)(n—1) < G
ttt 4¢2

IN

for t large enough, as n > 3. Here c3 is a positive constant. Multiplying w(t)

and integrating from t to ¢, we have

We consider two following cases :
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[Case 1] There exists ¢ > max{to,t;} such that u'(t') < 0. If ' (') < 0 for
some t , then u'(t) < —c4 for some positive constant c;. Hence u(t) < 0 for ¢

large enough, contradicting the fact that wu is positive.
[Case 2] There does not exist t > max{to,t;} such that ' (t') < 0. In order
words, if u'(t) > 0 for all ¢ large, then u(t) is increasing, hence

¢ ¢
/ @ds > u(t/)/ 1ds — 00.
t t

S S

Thus u'(t) has to be negative for some ¢ large, which is a contradiction to the

hypothesis. Therefore there does not exist such warped product metric.

In particular, Theorem 3.2 implies that if R(g) = —f—flk, then using Lorent
zian warped product it is impossible to obtain a Riemannian metric of positive

or zero scalar curvature outside a compact subset.

4n
n 4+

Proposition 3.3 Suppose that R(g) = — 1k; and R(t) € C*°([a,00)). As-
sume that for ¢t > t,, there exist an upper solution u, (t) and a lower solution

u_(t) such that 0 < u_(t) < wu,(t). Then there exists a solution u(t) of equation

(3.4) such that for t > 5,0 < u_(t) < u(t) < uy(t).
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Proof. We have only to show that there exist an upper solution @, (t) and

a lower solution @_(t) such that for all ¢ € [a,00), u_(t) < @4(t). Since

R(t) € C*([a,00)), there exists a positive constant b such that |R(t)| <

4n
n+1

b2

for ¢ € [a, tp]. Since

4n 4n __4
" + 1ku+ (t)l n+1

g () + Dua () + fu (£)7),

if we divide the given interval [a, ty] into small intervals {I;}" ;, then for each

interval I; we have an upper solution w;, (t) by parallel transporting cos Bt such

1
that 0 < E < wu(t) < 1. That is to say, for each interval I;,
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4n 4n __4
-y 1U§/+(’5) + R(t)uiy (1) + n—HkUH(t)l i
4n _ 4
n—%—l(ugﬁr(t) + DPuig () + kg (8)'70)

4n

1 (—B? cos Bt + b* cos Bt + k(cos Bt)l_n%l)
n

4
nl cos Bt(—B* + b* + k(cos Bt)_n%l)

4n

T cos Bt(—B* +b* + kZ%H)
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for large B, which means that u;,(t) is an (weak) upper solution for each
interval I;. Then put @ (t) = u;(¢) for t € I; and a4 (t) = uy(t) for t > 1o,

1
which is our desired (weak) upper solution such that — < 4, (¢) < 1 for all

V2

1
t € [a,tg]. Put i_(t) = —=e~* for t € [a,ty] and some large positive a, which

V2

will be determined later, and a_(t) = u_(t) for t > to. Then, for t € [a, to],

477/ " 47’L l—i
i (0) - R0 (6) + k(1)

4n

g () — P (1)
4 1

— i —e*at(az . b2)

n+142

>0

for large a. Thus @_(t) is our desired (weak) lower solution such that for all

t€fa,00), 0 < a_(t) < iy (t). O

However, in this paper, when N is a compact Riemannian manifold of
class (A), we consider the existence of some warping functions on Riemannian
warped product manifolds M = [a, 00) Xy N with prescribed scalar curvatures.
If R(t,z) is also the function of only t¢-variable, then we have the following

theorems.
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4n
n+1

Theorem 3.4 Suppose that R(g) = — k. Assume that R(t,z) = R(t) €

C*([a,00)) is a negative function such that
4dn

T et <« < _
n+1be < R(t) <

dn C
n+ 1t

fOT tZtm

where tg > a,0 < a < 2,C and b, s > 1 are positive constants. Then equation

(3.4) has a positive solution on [a, c0).

Proof. We let u(t) = t™, where m is some positive number. Then we have

4n 4dn _ 4
L (0) s (017 + RO (0
n 4dn _ 4 dn C
t keuy (1) 7 — —uy(t
4 tm[m(m—l) k C']
Cn+1 12 frm 1o
<0, t>t,

for some large ty, which is possible for large fixed m since 0 < o < 2. Hence,
uy (t) is an upper solution. Now put u_(t) = e where B is a positive

constant, which will be determined later. Then

Collection @ chosun



30

in dn -5
" ku_ () " n+ 1 4+ R(Hu_(t
ny 1t k- 4 Rlfu- ()
4 4 1 ’
! (8) 4+ — k() — ——be (1)
n+1 n+1 ntl
4 S
= e [P = B8 — 1)1+ ke — b
>0, t>ty

for some large to and large [ such that 8 > s, which means that u_(t) is a
lower solution. And we can take § so large that 0 < u_(t) < u4(t). So by

Proposition 3.3, we obtain a positive solution. O

The above theorem implies that if R(¢) is not rapidly decreasing and less

than some negative function, then equation (3.4) has a positive solution.

4n
n+1

Theorem 3.5 Suppose that R(g) = — k. Assume that R(t,z) = R(t) €

C*([a, o)) is a negative function such that

for t>1t

4n, s C
be!” < R(t) < —=
ntl < R < 2’

where ¢y > a,b and C,s > 1 are positive constants. If C' > n(n — 1), then

equation (3.3) has a positive solution on [a, c0).
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Proof. In case that C' > n(n — 1), we may take u(t) = C.t"+, where C, is a

positive constant. Then

4dn 4n 1__4_
L (8) ks (0T R(Bu (1)
dn  a—s.n?—1 -4 n+4+1
< - n+1_
T L et m C
<0,
(n+1)(n—1)

which is possible if we take C, to be large enough since 1 —

n+1
n

C' < 0. Thus uy(t) is an upper solution. And we take u_(t) as in

Theorem 3.4. In this case, we also obtain a positive solution. ([l

Remark 3.6 The results in Theorem 3.4, and Theorem 3.5 are almost sharp as

—1 4
% as possible. For example, let R(g) = - —fl

we can get as close to —

and f(t) = tlnt for ¢ > a. Then we have

1. 4n k 2n 1
R=-——-[—— - 4+ — 1)1+ —),
tQ[n+1(lnt)2+lnt+n(n A +lnt) |
: n(n —1)
which converges to — " as t goes to oo.

Collection @ chosun



32

REFERENCES

[A.] T. Aubin “Nonlinear analysis on manifold” , Monge-Ampere equations,

Springer-verlag New York Heidelberg Berlin, 1982

[A.M.] P. Aviles and R.C. McOwen, Conformal deformation to constant neg-
ative scalar curvature on noncompact Riemannian manifolds, Diff. Geom.

27(1998), 225-239.

[B.E.] J.K. Beem and P.E.Ehrlich, “Global Lorentzian Geometry”, Pure and

Applied Mathematics, Vol 67, Dekker, New York, 1981.

[B.E.E.] J.K. Beem, P.E.Ehrlich and K.L.Easley, “Global Lorentzian Geome-

try”, Pure and Applied Mathematics, Vol. 202, Dekker, New York, 1996.

[B.E.P.] J.K. Beem, P.E.Ehrlich and Th.G.Powell, Warped product manifolds

in relativity, Selected Studies (Th.M.Rassias, eds.), North-Holland, 1982, 41-56.

[B.K.] J. Bland and M. Kalka, Negative scalar curvature metrics on non-

compact manifolds, Trans. Amer. Math. Soc. 316(1989), 433-446.

[B.O.] R.L. Bishop and B. O’Neill, Manifolds of negative curvature, Trans.

Amer. Math. Soc. 145(1969), 1-49.

Collection @ chosun



33

[D.D.] F. Dobarro and E. Lami Dozo, Positive scalar curvature and the Dirac
operater on complete Riemannian manifolds, Publ. Math.I.H.E.S. 58(1983),

295-408.

[G.L.] M. Gromov and H.B. Lawson, positive scalar curvature and the Dirac

operater on complete Riemannian manifolds, Math. [.H.E.S. 58(1983), 295-408.

[J.] Yoon-Tae Jung, Partial differential equations on semi-Riemmannian man-

ifolds, J. Math. Anal. Appl. 241(2000), 238-253.

[K.K.P.] H. Kitabara, H. Kawakami and J.S. Pak, On a construction of com-
pletely simply connected Riemmannian manifolds with negative curvature,

Nagoya Math. J.113(1980), 7-13.

[K.W.1] J.L. Kazdan and F.W. Warner, Scalar curvature and conformal defor-

mation of Riemannian structure, J. Diff. Geo 10(1975), 113-134.

[K.W.2] J.L. Kazdan and F.W. Warner, Existence and conformal deforma-
tion of metrics with prescribed Gaussian and scalar curvature, Ann. of Math.

101(1975), 317-331.

Collection @ chosun



34

[K.W.3] J.L. Kazdan and F.W. Warner, Curvature functions for compact 2-

manifolds, Ann. of Math. 99(1974), 14-74.

[L.1] M.C. Leung, Conformal scalar curvature equations on complete manifolds,

Commum. Partial Diff. Equation 20(1995), 367-417.

[L.2] M.C. Leung, Conformal deformation of warped products and scalar cur-
vature functions on open manifolds, Bulletin des Science Math-ematiques.

122(1998), 369-398.

[L.M.] H.B. Lawson and M. Michelsohn, Spin geometry, Princeton University

Press, Princeton, (1989).

[M.M.] X. Ma and R.C. McOwen, The Laplacian on complete manifolds with

warped cylindrical ends, Commum. Partial Diff. Equation 16(1991),1583-1614.

[O.] B. O’Neill. ”Semi-Riemannian geometry with applocations to relativity”,

Academic Press, New York, 1983.

[Z.] S. Zucker, L, cohomology of warped products and arithmetric groups,

Invent. Math. 70(1982), 169-218.

Collection @ chosun



	1. INTRODUCTION   
	2. PRELIMINARIES   
	3. MAIN RESULTS   
	REFERENCES        


<startpage>9
1. INTRODUCTION    1
2. PRELIMINARIES    5
3. MAIN RESULTS    17
REFERENCES         32
</body>

