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ABSTRACT

A study on the Chinese Remainder Theorem.

Shin Hyun-cheol
Advisor : Prof. Park Soon-cheol, Ph. D.
Major in Mathematics Education

Graduate School of Education, Chosun University

In this dissertation, I'll comment on the Chinese Remainder theorem, one of
the best-known propositions in the Number theory.

This theorem deals with ways to figure out values from the simultaneous
linear equations.

After arguing fundamental natures that the Number theory and the Ring has,
I'll look into the verifications of the Chinese Remainder theorem in a different
point of view.

I'm also going to show how it has been applied to the cryptology.
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a,r = b, (modm,) ayx = by(modm,) - a.x=0b (modm,)

r

Y3 AREANL 4 A FEAL E 5 glow vt e 2

a/z = b (modm,) a’z= b (modm,) - a 'z =10b'(modm,)
My .
AN myp= —= elm i g ool WE (ng,ng) =1 el
k

FEH BE BeH 2 FujE YA,

xzcl(modnl) a:EcQ(moan) v = c (modn,)

dehtE 1 9aE AT
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°oF 1007 ol o2 259 7198 72y &8 13 dE4 A8 e e
HE 399 x| A2 (Chinese Remainder Theorem)#} &t}

z=2(mod3), z=3(mod5), z =2 (mod?7)
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sodEdA e dEpd FEA7 EAEA $3%A Ch'ing Chiu - Shao
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I 7Rge 43

[ Definition 2-1 ]
Folx A5 m = 1 o dige], F A5 ag b Aol m | (a—b) @ #A%
9e w  ‘aE E(modulus) mel Bkl bol FEo|tl’ (a is congruent to b
modulo m) & &t o]AL a= b (modm) oz Vei}
=5 (modm) < ml (a—0b)

qEv)s = 7} EolglE A2 %A (congruence) ol &l dHrh.

< Theorem 2-1 >

(proof) WA (a,m) = (b,m) =1 v
as+mt =1, butmv =
ol A s,t,u,v 7 A48k olw (as+mt)(bu+mv) = 1 o)t}
ab(su)+ m(asv+ but+ mtv) =1 ojm=zm
(ab,m) = 1 et}
oz, (ab,m) =1 o
(ab)s+mt = 1 9 A5 s,t 7} EAstz ol
a(bs)+mt=1, blas)+ mt =1 ol
1o

(a,m) = (b,m) =1 ot} .



< Corollary 2-1 >
AT ap, Ay, ... 5 @, Mmoo diste] thEo] A gt

(al,m) = (ag,m) = .. = (anvm) =1 < (af@z‘---

< Theorem 2-2 >
A2 a, b, c o gatd (a,b) = 1 A a | be &

(proof) (a,b) =1 o=

< Theorem 2-3 >
Ha a, b, col ekl al b, alec d u
olelo] Ay .,y o Wik a | (br+ecy)

(proof) alb, alcold Axa A5 d, e o ustd
b= ad, c= ae o],
wela qlele]l Az, y o vekel
brx+ cy= adx+ aey = a(dr+ ey) oz
al (bx+cy) ot} .



< Theorem 2-4 >
0°] ok A< a, b o dstd (a,b)la,b] = lab | olch.

(proof) o4l d = (a,b) , I = [a,b] & st HFF B z, y ol diste]
a=dxr b6 b= dy & 32}
ol ay = (dr)y = z(dy) = zb ol=z2 alay, bl ay oz
meba #aguge] gelo] osted [a, b] | ay oItk
= || ay ot
oo alc, blecm 71352
c=az ol sd bl azonz dylazdz = yl|axzox
(z,y) =12z ylzox @& aylaz = aylc otk
upeba FHAgua Aol ofshe
l=dxy, dl= dxdy = labl| o]t .

o] o 7: m olgkal " m = as = br o|t},

Zalm, blmeoxme a g be Fu)solt}.
a, be] oJeol FHIS5E cet od, Falc, bl c ot
G AF u, vell et ¢ = au, ¢= bv 7} I}

add (a,b) = d = axr + by o|x

c __ c _cd_c(ax%—by)_g cy

m  ab  ab  ab = Glet (Qy = vzt uy
d

= c = m(vx-l—uy) o]z m | ¢ ot}

Hags Aol st m = [a, b] oItk
wetr ab = md = [a,b](a,b) o]t}



olgtit %7 (a, b) = d &3 &2 d | a,

d = pis Do y D] ACQIFE FA A 9tk
d = pqlpgz eee p;l ) Ti - min (k’ﬂ 87:) 0] q-

la,b] =1l g stz all, bllox

el £AFE A3 Qe

l+= P15 Pas ...

Uy Uy U,

I = pl pQ vee pt y U = maX(ki,Si) O]lj—
(avb)[aab] = dl

= (p," ... ;)P ... p")

max (k, , s, )+ min (k, s, )

= DN eee D¢
T8 Kt k,+s,
- ]1€1 22 ’ pt
ke E k, s, S ,
= <pl p]; pt )(p1 pgz pt

= ab .

St

.o, b=p'pyp (ks =0) (2

d]b ol

DT

max (k,, s, )+ min (k,, s, )



< Theorem 2-5>
FolAF m 3 Jeolo] HF a, b Apolof] thgo] A #3}

a=>b(modm) = (a,m)= (b,m)

(proof) a = b (modm) olm2 a= mk+ b 9 R4 k7 A3}
A5 d,e o gated d= (a,m), e= (b, m) o8 &=}
e=(b,m) A el b, elmolt
a=mk+bolnz el aolx
wetA e | m oo ostel e | (a,m) 7b Ak
auinz e | d otk
d= (a,m) o dla, dlmoelx
a=mk+box b= a+ m(—k) ot}

d | {a+ m(=k)} 7F B8
et d | boelm dl m ot
dl (b,m) olmz d| e ot}
el delm dl eonz d=e otk

getA (a,m) = (b, m) o)t} .



< Theorem 2-6 >
...... ,m, (n>=2)3 A% a,b o dste t}&e] Ageith

O

Fol g my, My,
a = b (mod m,)
b (mOd. M) e = b (mod [m,,my, ... ,m,])

a = b (mod: m,)
(proof) kel My, My, ... , My, (n>=2)3 A% a,b o dstdg
a=b (modml) a=b (modmg) , a=b (modmn)
olmE my | (a—b) , My | (a—b) , o, my, | (a—b) o]t}
HznzwFE Aol skl [my,my, ... ,m,] | a—b otk

HA a = b (mod [mlamga 7mn]) o]t}

doz a= b (mod[m,m,, .. ,m,]) o sk
[my,my, s m,] | (a—b) olx
my | [myymy, osmy], my | Imy,my, o smy]
m, | [my,my, ... ,m,] ojm=z
my | (a=b), my | (a=b), =+ | m, | (a—b) et}

“a=b (modm,),a=b (modm,) , *** , a=b (modm,) a

’

< Corollary 2-2 >
B3 my,my, ... m, (n=2)e Aulrt AZs oA o thge] Fyech
a = b (mod m,)

a = b (mOd mQ) &

a = b (mod mym,... m,)

a b (mod m,)



[ Definition 2-2 ]

gar s} o) w0 € Z o 98 AAHE dARES a 2 VER

a={z€eZ | z=a (modm)} = {a+km | kE Z} o}

[ Definition 2-3 ]

(R7 +7

(ii)

) & #(ring) o2} &l Re] ¥R AF

ael, re R =

ra e l, are I



[ Definition 2-1 ]
 RoJA 17} oldld & o
A% R/I={a+1 | a€ R} = 03 go] Aow AS5wA 9}

a+I = b+1 & a—-bel

(a+1)+b+1) = (a+b)+1

(a+1I)-(b+1) = ab+1
o)} o] gel| & R/ I 2 & Re olel [ o <%

o) o] Sh(residue ring) ¥ QA (factor ring) E=¥ A3 quotient ring) ©]#}al
=5

@ Rolx R# {0} oldq%olm R/R = {0}, R/{0} = R olt}.

[ Definition 2-5 ]
@ RN 8 R'ogel 243 f: R — R 7} &9 % 42 nEAZ 1,
= $2 a, bE R o hslo]
flat+b) = fla) + f(b) ,  flab) = f(a) f(b) < o
f

2 R o4 R o292 3 #%8A 4 (ring - homomorphism) ©]&}a &},
o

N
juied
o,
o,

E, EE5YAM fT R - RO Addde o o
f 2 R A R 229 3 %3 A (ring - isomorphism) ©]#}31 3},
aga, & BgA44 iR — R 7 #3803 R 9 & R &

& %% (jsomorphism) ¢! $holg} &lar

o] Apde R = R’ o= vehit)



< Theorem 2-7 >

A frR —> R 78 #2%8A0 A o Re] 283 S dste

f(S)={fla) | a€ S} = R'9 yr3o|x

23 imf = f(R) = {fla) | aER} = R'9 5E3o

wela f(S)e f(R)e FHEghor)
aem [ 7 R oldigeld, f(I)e & f(R)9 old ol

(proof) <delel a,b < S o st
a—b, ab e § oz
fla) = f(b) = fla=10) € f(S)
fla) f(b) = f(ab) € f(5)
oli weba f(S)= R'e HR3bolr)
olAl I & Re) oleletela 3l
ol wf, f(I)e & f(R)2 HEFoln
oloJol aq, be I ¢ r € Rel| 43ty
a—bel, rael, areslorn=z
fla) = f(b) = fla=b) € f(I)
f(r) fla) = f(ra) € f(I)
fla) f(r) = flar) € f(I) ot}
weba] f(I)e & f(R)2) old ol .

— 13 —



< Theorem 2-8 >
A f: R — R 7} 8 228400 o
ker f = {a€R | f(a) =0

t
o714 ker f & f 9 @l(kernel) o&tar Fc}

(proof) = f(0) =0

ker f = R ¢ o]g o]t}

olmz (0& ker f # @ olt}.

weta] elelel a,b E ker f 9+ r € R o] djste]

fla—b) =
flra) =
flar) =

fla) = f(b) =
flr)fla) =
fla)f(r) = 0" f(r)

ker f o &gt}

a—b, ra, ar =

ker f+= R 9] oy o]t} .

— 14 —

O/_O’ — 077



< Theorem 2-9 >
A fr R — R JF# R A R ozel & #5344 olzta 4k
(D) f7h A EEFAY D ), 2gx olaelwt ker f = {0} o]tk
2) I = ker f &z 3 u) gleje] a, b € Re] tjste]
fla) = f(b) & a—beT
S a+ 1 = b+ 1

(proof) (1 f 7} 9 %842 4wl a € ker f o
fla) =0 = f(0) o=z a= 0 o],
weba ker f = {0} ot}

o ker f = {0} ozt 7HHahA
fla) = f(b) <= fla) = f(b) = 0O
fla—15) =0

a—b € ker f

¢ ¢ ¢

a—b =0 = a=1»

-0,
g
it
kﬁ
rir
e,
=
e,
N

g ALl

s  fla) = fb) =0
S fla—b) =0

& a—b € kerf =1
& a+ I =0+ 1 ot}

— 15 —



< Theorem 2-10> A 153dA44)
A% frR — R % & 25944 old ¥
I = ker f &3t &9 [ = R 9 old|d(ideal) o]l il thio] dH )
R/I = imf = f(R)
AA= ¢ R/I — imf,  ¢lat+ I) = f(a) = BFrgoInh,

(proof) a+ I =0b+1 < f(a)= f(b)
s ¢lat+I)=o¢(b+1) onz
¢: R/T — imf, pla+ I) = f(a)
v 2 Aojd ddd Aol
A 2ol a, b € R 9 43}
dp(la+I)+ (b+1)) = ¢o((at+b)+ I)
= f(a+1b)
= f(a) + f(b)
= ¢la+ 1)+ ¢o(b+ 1)
p(la+I1)(b+1)) = ¢(ab+ T)
= flab) = fla)f(b)
= ¢pla+1) ¢p(b+1)

im¢p = {¢la+tI) | aE R} = {f(a) | aER} = imf

olr, ¢ FHAAlR

wad R/I = imf o)t} .

— 16 —



[ Definition 2-6 ]

(Ring® A%)

R, ..., R, dstod, 1%
Ryx .. xR, = {(z, ..,z,) | 2;ERy, .. 2, SR, J=
thet 2ol AejE ST FAel wake] B o] Fri
(ay, ... va,) + (b, ... ,b,) = (ay+ by, ... ,0,+b,)
(aj, ... va,) (b, ... ,b,) = (a;by, ... ,a,b,)
o] 2 Ry, .. ,R,2 <2#2 Ad(external direct sum) o]l d}ar
o] & R, &b ... ® R, 232 VeI

[ Definition 2-7 ]

g R o olug Iy, I, o] diste
R=1+1,, L NI, = {0} <=
RE 7 ol I, I, ¢ WA A (nternal direct sum)o]&}t FaL

of A R=1I, + I,

aEa o] Aol R F oldld [, 1,9 Afes Eadrta st
I, I, 2 R AgaH(direct summand) 2 gt}
R=1+1,=1,+1 32 =R= {0} +R= R+ {0} o

aglsr R= 1, + I, 14

w= R=1, @ I, = vhehic),

g (R, +) = 52y

I [ o] Aglol7| %

s},



< Theorem 2-11 >

g R RO F oldd I, I, o disto
R=1,+1, ILnI, = {0} 4 q

I, I, o 4 A I, D 1, oA R =] A
f: 1,1, —> R, flay, ay) = ay + ay, =
F SEAEela e R = 1) D I, ot

(proof) @A imf = {a+ta | yEL, a0, €L} = I +1,= R
olmE f = 2] Aol
agaw [N, = {0} ox
FE AR €1, €1, o W89 aay = ayay = 0 o]tk
ek gelel F A (ap, ay), (b, by) € I, I, o hste]
flay, ay) + (by, by)) = flay+ by, ay + by)
= a+b + a,+ b,
= a,+ta, + b + b,
= fla;,ay) + f(b,0,)
f(Cay, ap)(byy by)) = flaby, ayb,)
= a;b; + a;b, + ayb, + a,b,
= (a,+ ay) (b, + b,)
= flay, ay) f(by, by)

Jme f = & #EaAed 2ew L[ N1, = {0} ojm=
(ay, ay) € ker f = fla;, ay) = 0

= a ta = 0

= a = —a € I; NI

= a = a, = 0

o] i1 wheA kel”f {(0,0)} o]t}
oz f = g ggadela, ey R = [, I, oth .



[ Definition 2-8 ]
(R}._, & 29l Zolgtm oA,
R: H.R7 - {(Al’ AQ; ees 7A
olAl o] Mg IIR; o 8] +x2 F7] 8 v Aike AHosir
SR

<)\17 >\2: ) = (,ul,,u2, ) SEE 1 9 sl )\Z‘ = My
ii) ' A (addition)

<)\17 >\27 ) + (,u/17 Ho s ) = ()\1+M17 )\2+,U27 )
iii) & A (multiplication)

= <)\17>\27... )(,up,uga...) = ()\1,U17 )\Q,u/Q?... )

o] ¢late] #a) (IR, +, « ) & 3& o2}

S

o] -2 3 R, o # % (direct product) °|&} 3}l

AFAF 1 7F 3 & (finite set) 94

OR, = IR, = {(M\, X, .. s N) | Vi, NER} oz wA @)
A I 7F 533 @ (infinite set) ¢ o

®R, = IR, = {(..,A;,..) | Vi, \;€ R}elr}.

s o) | NER FE7NE AZE 2= ioll tiste] A, =0}



[ Definition 2-9 ]
I, I, ..,1,&2 R 9 olg&olg} slA}L
Vi# g, Li+1;= R ol I; ¢ I; & o5t(comaximal) %+

A &5 (coprime) ©]2F ST},

< Lemma2-1>

n

I9 I,,1,, .. ,1I, 0] comaximal o8 I+ ([)I,) = R °]t}.
i=1

(proof) R=R"= (I+1,) I+ 1) .. (I+1)

n

= I+ (L1,..I,) < I+ (I, € R

I+ (I, = R
i=1

[ Definition 2-10 ]

A5 AAL 1F Z golHe §584 a = b (modm) o 95

ZAHFE W mo B3 Yo F(residue class)sbal .

a 2 a2 2 g mol B e} sn Z, & F mol
Hgolet st Z, & HAF] dddgAs gt

o = {z€Z |l z=a(modm)} = {at+mk | kEZ}
Z,=1{alacz} = {0.1,~ ,m—-1}

Z, = {0,1, - ,m—1} , Z,| = |2, = m

— 20 —



[ Definition 2-11 ]
doeo] HAF ag FY HAF moZ UFAe de A E <a>, 2=
e 712 skt &
a = <a>, (mdm), 0< <a>, <m =& <a>, € Z o|t}

[ Definition 2-12 ]

M ZA4% kel A4 my, my ol Hlshed

W) (<ay >, <a>,)+ (<b >, <b>,)

= (o +b, >, <a+b>,)
@ (<a, >, <a>, ) (<b >, <b>,)

= (Kb >, <aby>, )

o2 Aot

[ Definition 2-13 ]

S f: Zmlmz — Zm1>< Z’rnz% f<a) - (<CL> <CL>m2) =5

’
m

Aosa o] 52 A 2, X 2, o2 d&H

m;my,

% 2384 (canonical map) B F-2t}

ol pt Z,,, 9 €4 et a g om 2w Y YuxE Fie
B omyel B dolfe a g my 2 Ui Y AE 298 8 myel B



M-1 A5 EolA F39] Julx Aa

< Theorem 3-1 2> (559 YA A=, Chinese Remainder Theorem)

FIAFE my,my, ..., m, (n=2) o vt Azi o u
M= my, my, ..., m, o]t 3}
gl A ¢y, s 6, 0 TS AR FEA

x ¢, (mod my)

T c, (mod m,)

r = ¢, (mod m,)

M
(proof 1) M; = — = my .. my_ymyy..m, (1=i=<n)
m;
olgfar oy 1< 175 < n Ay (mi,mj) =1 o=
(M;,m;) =1 (1<i<n) ox

Al M,N, = 1 (mo

[N
3
[
A
A
S
O

g4 N; 7F EAc

olAl u= M Nyc + MyNycy +..+ M, N,c, °lghi o
1<i=j<ndgdw M, =0 (modm,)

u = M,N,c; = ¢; (mod m,) (1<i<n)oxn

WA Fold ARPEAS et ol wA & & Ytk
(
(



A ZE o ghell e

o] TE
(1<

(mi,mj)z 1 o2 mym,...m

w2} A

u=u (mod M)

o}, .

n



(pTOOf 2) My Moy ... s My, 7F AT M 24028

NS . o
tg‘_l‘ f : Zml_”m” - Zm1 X Zm2 X X ZmnE

fla) = (<a> <a> ,<a>, )& Hoshd

Y y Y eee
my my

f = AuAsye .

Az fla) = f(b) & 71gaha

(<a>, ... <a>,) = (<b>, ..., <b>, etk
avug <e¢>, = <b>, ., ., <a>, = <b> ot}
et my | (b—a), ... ,m, | (b—a) et}

(ml,mQ, ,mn) = 1lolm2 mym,.. m, | (b—a) ot}
aeEE o= b ola geA f = @AEgeln

&H Z, o % 2, X .. X Z, 0 BF A my.. my, 7
FA A glem® f = HAggEol

mebd f o eyl

(<e >0 <c,>,) & Z, X XZ, o g
@)= (<a> o <a>,)= (<> <o, > )2
wEshs o € 7, , 7b @ shi EA@0h

e <a>, = <>, <a>, = <c¢, >,
=zq=c¢ (modm), .. ,a= c, (modm,) <

48 8l = a (mod m,... m,) 7} E£A% . .



< Corollary 3-1 >

T g A my,my 7k ARa A W, F (my,my) =1 A o
delel F AF ¢, ¢y o sk AHAAEEA
¢, (mod my)
r = ¢ (mod mg)

(proof 1) my, My 7} AZ 4R o] Aoz (ml,mg) =1 ol
M = mym, o|g} stz M, =

M, = my, M, = m ot}

(M;,m;) =1 o]z M;N, =1 (modm;) 9 B5 N, 7} £
olAl w= M, N,c, + MyN,c, o]gtal FoH
i#=j 9w M;=0 (modm,) oz
u = M;N,c; = ¢; (modm,;) o]
upeba] Folxl A¥ e vhed 2ol 1A & 4 Utk
{ = u (mod m,)
T v (mod m,)
g9l ARFEAL z = u (mod mym,) & EAolnz
Folxl A e & & e 3
r = u (mod mym,) & 77t}
4 Fge] delrE v & o] FEAY ® o s 7k
u=c =u (mod ml)

A ZE g gkel sk omy | ou— o)t
(ml, m2) =1 olZm& m;m, | w— u o]t}

B uw = u’ (mod mym,) o|t} .

— 25 —



(proof 2)

my, my 7F M2 ko] HFeolnz

5 f Zmlm2 — Z X Z & A} skoltt

my my

Az fla) = f(b) & 714k

(<a, >, ,<a>,) = (<b >, ,<b> ) et

’
m

3
ageg <a>, = <b> - eli <a>, = <b> ot}
wetd my | (b—a) ol my | (b—a) ot

(my, my) = 1 olmx  my,my, | (b—a) o]tk

aWEE a=b olx webd f = wArgrelt)

o] B dA mymy

S Zml X Zm2 oﬂ 1:]]6]_0%

<a>,)=(<¢>,,<¢6>,) %

m;’
sl a € Z 7 @ sk EA) @
m, O]jl <a> my = < Co > my o]q—

% a=¢ (modm,), a= ¢, (modm,) ot}

aeleg ¢ = a (mod mlmg) o] skl sfolt}. .



M-2 dgstoll A T2 ynx A4

< Theorem 3-2> (3oA Fr29 A A )
999 12 71 3 R oA R og I, I, ... , I, o] dste]
R=IL+IL+ . +19

$: R - ®R/I, = R/I, ®R/I, ® .. ® R/I,

& BE a € R 9 93y

p(a) = (¢,(a), ¢y(a), ... , ¢,(a)) = HolatA.

@ ¢, R — R/I, = 5% a € R 9 st

¢i(a) = a+ Ii = a2 Aol gt

o)A theol A AITH
i) o= FEHA
ii) @ 7} surjection & e EFRxAL I, 1, ... ,I, o] AZio|t}
n
i) ¢ 7} injection ¥ BeFHEAL [ = 0 |t

v) (i) 3 (ii) 7} A ¥éA ¢ += isomorphism ©|t}.

<

(proof) i) ¢ : R — R/I = 2F3A3oln
im¢ = R/I, ker ¢ = I o]t}
ololo] a, b € Rel st
d(a+b) = (a+b) + I = (a+1)+ (b+1) =
plab) = ab+ I = (a+I)(b+I) = ¢(a)o(d)
olmE ¢t @ EEEAolT. eln theol ARwt

im¢ = {¢pa) | a€ R} = {a+I | aER} = R/I

kero = {a€ER | ¢la) = 0+1}
= {a€R|la+I=0+1} =1

— 27 —



ii) ¢ 7} surjection ©|2} 8}A}

E¥ a € R 9 distd] Q%(a) = (a+1I, a+ Ij) 2 Aoy=

¢; 0 R — R/I, & R/Ij < A7telak

¢; = surjection °|LE, ¢, = surjection °]t}.

oluf, ¢;; 7} surjection o]

= ¢ij(ai) =(0,1), & (g, + I, a; + Ij) = (I, a;+ Ij)
¢;(a) = (1,0) , % (a;+ I, a;+ 1) = (a;+ I, I))

Aa € Ly a; € I; 7} EAFT

o] uf ¢ij(1_(ai+@j)) = (1_(%’"‘ (Ij)‘f—fi, 1—(ai+aj)—|—lj)

= (Iplj)
= (0,0)

L C
iy
#0 aq;ta; € L+ I olng 1€ [+ I; otk
=I+1 =R

whebxd @ g 4 w L ek I = oS o]tk

— 28 —



oz Vi g, L% ;= A5t k.
% Vizj, [+1,=R oz gtk

¢ 7} surjection & Ho|7] f3|A =

(ay, ay, ... v a,) € & R/I, 0 hate]

p(a) = (¢,(a), ¢y(a), ... , ¢,(a))

= (alvazv... 7CL_77)

1 a € R EATE o]

(g
o
A
_O|L
k)

nol #3k induction & LT

n=199 ¢ : B > R/ & ¢(a) = ¢ (a) = q

o Aot & AR

n=2du I, 7F 7}4el o)A o=t o2z,

SL+t1,= RoEg egte=1%e € I, eg € I, 7} A7
Al ¢(z) = (6,(2), ¢,(x)) = (ay, a,) oz a7

T = a6+ eay, F F. o] wol Hlse]

o(z) = (¢,(z), ¢o(x)) = (ay, ay) € R/ I, D R/ I,
o g Zu )
¢ (z) = aje,+ ase,

= aje, + aye

= a6, + aye

= aje; = a(1—e) = a, — aje, = q
$y(z) = aje,+ ase



adEg 9o vt ftd fAaYe ot

n=1,2, . ,k—1e dslrxe JHdscta 714 e
Lemma 2-1 o &l I, 1,, ... ;1,1 0] oI=djolH
k—1

I+ (), = Roln=
=1
k—1

oW y+z=1Ay & (L, 2 & [ 7} A
=1

a7 Aol 9aM ¢(a) = a; (& i= 1,2, .. k=D 9
o € R 7} &A%,

oA ¢(z) = (¢1(x), ¢yla), .., ¢r(@)) = (ay, ..., )%
r & ZA

T = za+ qy #Fa 74

¢k(x) = <j>k(zoz+ aky) = a/I,C

— ZOZ+Cka = ZOK+Cka
=0-a+a(l—2) = ag— a2z = q
EEi=1,2, . , k=1 taA

¢;(x) = ¢,(za+ aqy) = ¢;((1—y)a+ ay)

¢< ( k,_a)y) = ¢i(a) = Ei



w#gA, = za+ aqy € R o tste]
¢(x) = (¢1(33): (/72(5(3)7 7¢n($))

= (alv cee ) ak—la ak,) O]Ei
¢ & surjection ©]t}.

a9BRgE BE ndd dste dEet). .

i) ¢ : injection < [ )I, = 0 € (Theorem 2-10) A 15847 o st
i=1
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< Corollary >

elel 19 7bx & RojA Ro % ot I, J o gate] R= T+ J & 1
A¥ fr R —> R/I® R/J, fla)= (a+1I, a+J) =

122 (onto) F FEF Gl ker f = 1 N J otk

agls A ¢ R/INJ — R/I® R/J

pla+INJ)= (a+1, at+ J)= 3 5530l

R/INJ = R/I® R/J olth

<

(proof) A4 f &= ¥ws 3 #83 Adelr)

=T+ Jon

=
i
)

g dx i e, jE J o sy

.
o,

al
i+ j=1 o

ooe] (¢+ I, d+J) € R/T®H R/J o thste]

a= jc+ id &3 33

a—c =jct+id—c = id+ (j—1)ec=i(d—c) € I

a—d = jec+id—d = je+ (i—1)d= jlc—d) € Jolnz
c+t+I=a+1, d+J =a+Jolx

wad f(a) = (a+ 1, a+J) = (c+ 1, d+ J) olnz

f e 929 3 E=5grpdelrt aea

rE kerf © (x+1, 2+J) = (0+1, 0+J) & z€InNJ
oluz kerf = I N J ot}



< Theorem 3-22> (d34 SoA T2 Ymx AH)
A F e agdy filx), .., f,(x) 7} Aeid M2 d o
fla) = fi@) fy(z) .. f,(z) B3 sha.
At Flel — Flel/(fi(2)) & . & Fle]/ (f,(2)),
= ¢(g(x)) = (gl@)+ (fi(x)), ... . gla)+ (f,(2))),
© R & Fe Aol B vl AHIh

Fle]/ (f@)) = Fll/(fi(@)) & .. & Fla]/ (f,(z))

9@ = 3 0.@) b))
= g@)h ()t (z) + ... + g,(@)h,(@)t,(z) gxn Eom
Zte=1,2, ... ,n°] s

fz(x) | (hl(:c)tt(sc)—l), fL(-fB) | hk(.ilj)tk(ﬁlf) <k¢ 7/) ol
fi@) | (g(z) — g;(x)) ot

— 33 —



wetd ¢(g(a)) = (gla)+ (fi(z)), .., gl)+ (f,(2)))
= (g(@)+ (fi(@)), .. g, + (f,(2)))
B i §Isel Agolct.
ker o = {g(@) € Fla] | ¢(g(@)) = (04 (f,@)), ..., (0+ (£, (@) }
= {g@) € Flz] | glo) € (f,@)),..., gz) € (f,())}

o5, fi(x), .., fulept Anie Hza ojne
kerp = (fi(z)) N .. N (f,(z))

= (fi@)fy(@) .. f,(2)) = (f(z))
weba] A1EE 4 e (Theorem 2-10)0] €5}

Flal/ (f(@)) = Flzl/(fi()) & ... & Fla]/(f,(2)) o1t} .

— 34 —
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