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ABSTRACT

A lost-sales production-inventory model with service

time and variable production speed

Hyang Kim
Advisor: Prof. Jung Woo Baek, Ph.D.
Department of Industrial Engineering

Graduate School of Chosun University

In the thesis, the lostsales production-inventory model with service time and
variable production speed is analyzed. Customers arrive in the system according to
the Poisson process. The service times of customers are independent and identical
distributed exponential random variables. At a service completion epoch, the customer
leaves the system with an inventory item. The server can provide the service only
when the inventory level is positive. If the inventory level drops to zero, the
customers in the system wait for the service until inventory is replenished. During
the stockout period, the newly arriving customers are assumed to be lost. The
inventory items are replenished by internal production based on (s,S)-policy, and the
production times are assumed to be exponential. The production rate is assumed to
be variant.

We derive the stationary joint probability of the inventory level and the number
of customers in product form. Using the joint probability, we determine the optimal

operational strategy that minimizes the cost per unit time.
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Xi(n,k,t)=Pr[N({t)=n,It) =k, £(t) = 1] ,
X, (n, ko t) =Pr[N{t)=n, I(t) =k £t)=2] ,

X, (n, k) =1limX,(n, k, t) , Xo(n k)= limX,(n, k. t) .
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A9 4L o) g3W eI B AiEMHAS Attt

o O"0 71

rlo

X,00,8t+At)=X,(0,5,t)(1—\At)+ X, (0, S—1,t) B At (3.3.1)
+ X, (0, S—1,t)yAt,

X, (n,S,t+At)= X, (n, S, t)(1— \At) — X, (n, S, t ) uAt (3.3.2)
+ X, (n—1,8 t)AAt+ X, (n, S—1,t) At

+ X, (n, S—1,t)y At, n=1,

X, 0,k t+At) =X, (0,k, t)(1—XAt)— X, (0, S—1,t) BAt (3.3.3)
+ X, (1, k+1,t) pAt+ X, (0, k— 1, t)BAL,

k=85—1,...,s+2 ,

X, (n,kt+At)= X, (n,k, t) 1 —\At)— X, (n, k, t) BAL (3.3.4)
— X, (n, k) pAt+ X, (n— 1, k, t )N At
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X, (n,s+1,t+At)= X,(n,s+1,t)(1—\At) (3.3.6)
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- X, (n, 87t)’yAt+X2(n— 1,8, t)ANAt+ X, (n+1,s+1,t)uAt
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X,(0,0,t+ At) = X,(0,0,t)(1 —vAt)+ X, (1,1, t)p At (3.3.11)
X,(n,0,t+At)=X,(n,0,t) 1 —yAt)+ X, (n+1,1,t)uAt, n=1. (3.3.12)

o[l 2 (3.3.1)-33.12)2] YHE AtZ YT At—0 & FHH S d=th

%Xl (0,5, 8) =— AX, (0, S, £)+ BX, (0, S— 1, ) + X, (0, S— 1, ), (3.3.13)
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EXl (n, S t)=— N+ p)X;(n, S, t) + XX, (n—1, 9, t)+ BX, (n, S—1,t) (3.3.14)
+8X,(n, S—1,t) +74Xy(n, S—1,t) , n=1,
%Xl 0,k 1) =— A+ 8)X, (0, ks 1)+ X, (1, k+1,8)+ 8X, (0, k— 1, 1),  (3.3.15)
k=58—-1,..,s+2 ,
%Xl (o ko t) = — A+t )X, (s k) 42X, (n— 1, k+1,¢) (3.3.16)
+uX,(n+1,k+1,t)+ X, (n, k—1,t) ,
nzl, k:S71778+2 >
%Xl 0,8+1,t) =— AN+ 3)X,(0,s+1,t)+puX, (1,5 +2,1), (3.3.17)
%Xl (n,s+1,t)= —(A+p+8)X,(n,s+1,1) (3.3.18)
+AX;(n—1,5+1,t) +puX,(n+1,s+2,t), n=1,
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]{3:].,_“,S_].,S"‘1,8‘1’2,,__,5_1,
%Xz(n, kot) = — (At g+ )Xy (0 k) + AX, (n— 1, k. ) (3.3.20)
+uXy,(n+1,k+1,t)+9X,(n, k—1,1),
n=1, k=1,...,s—1,s+1,s+2,...,5—1,
%XQ(O,s,t): — (A X, (0,5, 8)+ X, (1, s+ 1, 1) (3.3.21)
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EXZ (n,s,t)= — ()\-i-,u-i-w)XQ (n,s,t) +AX,(n—1, s, t) (3.3.22)

+uX1(n+1,s+1,t)-|-uX2(n—|—1,s-!—l,t)—l—’sz(n,sfl,t),

n=1,
%)@ (0,0, 8) =— X, (0,0, £) + uX, (1,1, 1), (3.3.23)
%XQ(n, 0,t)=—7X,(n,0,t) +uX,(n+1,1,t), n=1. (3.3.24)
Ol t—oco & F3HH Th3o MG S A=
0=XX,(0,9)+pX,(0,5—1)+~X,(0,5—1), (3.3.25)

0=—A\+u)X,0,9+X,(n—1,9)+8X,(n, S—1)+~vX,(n,S—1), (3.3.26)

n=1,

0=—\+8)X,(0,k)+pX,(1Lk+1)+8X,(0,k—1), k=5—1,.,s+2, (3.3.27)

0=—O\+u+3)X (n,k)+AX;(n—1,k)+ puX,(n+1,k+ 1)+ 8X,(n, k—1), (3.3.28)

n = ].7 k:S_lv...75+2s

0=—O\+3)X,0,s+1)+puX,(1,s+2), (3.3.29)

0=—N\+p+38)X,(n,s+1) +AX,(n—1,s+1) +puX,(n+1,5+2), n=1, (3.3.30)

0=—W\+7)X00,k) +puX, (1, k+1)++X,(0,k—1), (3.3.31)

k= 1a...75_1a5+1as+2a...a5_13
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0=—O\+pu+v)X,(n, k) +FAX,(n—1,k) + u Xy (n+ 1, k+ 1) +9X, (n, k—1), (3.3.32)

75_1a

s—Lls+1,s+2,..

n = ]., k:l’

0=—W\+79)X,00,5,t)+pX,(1,s+1,t) +puX,(1,s+1,t)+~4X,(0,s—1,t), (3.3.33)

(3.3.34)

0= —\+ut+tX,(n,s)+ XX, (n—1,5)+puX;(n+1,s+1)

n=1,

+uX,(n+1,5+1)+~vX,(n,s—1),

(3.3.35)

0=—~X,(0,0)+puX,(1,1),

(3.3.36)

= 1.

n

0=—7X,(n,0) +puX,(n+1,1),

B

kA 4] (3325)-(3.3.36)

H

o

o)

34 F FH

why
o

o

A

=
M
Bf

o8

X
e

o]
K

BIN

2 (3325)-(33.36) & AUlE F

A7) wEoloh. ey

N_.o

—_—
=8
w

-

7P & Ry

[e)
e

Aol BHe AT

[19, 20, 25]. °o]= A aLHZ7]Zt(stock-out period) &<Fe] 737 o] ofu
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M/M/1 t7]

kel

ol

o

]
P
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xi(kt)=Pr[it) =k @) =1],
Xo (ks t) =PrlIt) =k, &(t)=2],

xi (k) =1limx; (ks t), x,(k)= tlim Xo (ks ).

I Hold AQAELE U] e 2L Pl B T & e

A% olv| gk,

X, (n, k)= (1— %)(%) - x; (k) (3.4.1)
X, (n, k) = (1 - 2)(2) (k). (3.42)

ojAl o1& &ty Aall 4 (3.3.25% (3.3.26)°1 4 (3.4.1)F (342)F Tﬂd‘é}
b A7 A (3.3.25)9 (3.3.260)05 Aol HUirt HE Ay 1 A4S Hlo
e Al digd F3d0g e, 4 33255 2457 04 AFE UEdL
2l (33200 AFIE 10]1%3Q1 A5 etk 2el¥ 2] (3.3.25)9 (3.3.26) &
3 2o A& deth

Ax: (8)=Bx, (S—1)+yx, (§—1). (3.4.3)

ol A= 2] (33259 (3.3.26) Wate] A 34.1)F (3.42)9 7} wHET

< guigt. w24 (3.3.27)<(3.3.36) Al o] A S -

A, o (B x, (k)9 Fr=ste] ] Al2=®le] uAeo Aad dg 2
E

¥ s 78 £ 9

olAl 4] (3.3.27)-(3.3.36) B 2] (3.4.1)F (3.42)F o] &3, nAF A A
Slol Aakel vt tha3 22 g IS A=

B+ My, (k) =8x, k= 1)+ Ay, (k+1), k=5-1,..,s+2, (3.4.4)
- ‘|9 -
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A+8)x;(s+1)=Xx,(s+2), (3.4.5)

A+ X (k) = yxa (k= 1)+ Ay, (k+1), k=1, .,s—1,5+1,.,5—1, (3.4.6)
A+ Mxa(s) =vx2 (s =1+ Ax (s + 1)+ Ax, (s + 1), (3.4.7)

Yx2(0)= Ax, (1). (3.4.8)

wepd hE GAEE D BAE 2

gl = P2y
7 (34.2)9 BAV AHIT= & F UL

PPel BE & & Uk 9 4 wEIe AuEIE W

(modified inventory model)’ ©|2} 3} v} o] A <lslA}.

<9 31> (Ax¥E A31123, modified inventory model) 742 E=2HEo] A9l X

2] (3.43)-(3.4.8) ¥ <He] 34.1> vigow WHzH ARy
A 2899 oo 2k

o,
2
o
o
O
o
2
4]
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P(*st)(Si k79|)\a/1475)| —
o (k) = LK _ =0 (3.4.10)
P(st)(z’m)"ﬂ’s)b:o.z:1

1 / P(S,S)(S*ki‘)\,,u,,S)dt
0

:}S—l o s k2071a75_1
kzofo Plg ) (S= kA, 8)dt

oAl Takagi ¢} Tarabia [28]%] ZIE o] &3tH 2] 3495 L=t} [ |
oAl x,(k)E FEAL y, (K)ol didte] T Hels derh

<A 32> y, (k)= v 2

(39) <39 33>014 A% AN A3 DEANTY] AL oW the
A o

T AUtk
Yx2(§=1)=Ax, (s +1). (3.4.12)

et A 3.4.9)F ol &std] tas deth

xi(s+1)= 1/% (3.4.13)
T 4 (343)% 34.12)F o] &8 HeE deth
X1 (8) = ?xl (S=1)+x (s +1). (3.4.14)
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oAl 4 (34145 A (AHE ol LA k=s+2,.,5 o o] hgo] AU

X (k)= gxl(k:—l)wLxl(erl), k=s+2,5+2,--,5. (3.4.15)

kA oy, (k) e T Fad e Zo gda 72 5 sl

Ax (s +1)
Xl(k)+ﬁ:§[xl(k—l)+%], k:S+2,S+2,'“,S. (3416)

oAl 99| 24 (34.13) 7] PR 99 FAAE FWA a9 E d=vh
k—s

x; (k)= K(ﬂl_/\) [(g) —1}, k=s+1,5+2,--,5. (3.4.17)

[ |

olA] 24 3.4.9¢% 2 (B4.1)E &HA Fxst7] A8l Ftst A kE T

ofgit}. ol= v FtgxdoR HE 28 F gt
D B+ P k) =1. (3.4.27)

2l (34270 4 (3499 4 34112 o] &stH rE T 2T

o bl A

(3.4.28)
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14,
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- K
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1
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AtE AEE A (3.428)E2HE A=t

T
T

E(L,,,)
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(3.5.3)

g BRI e

. Y
JREES VP ViU (oY
A A\
_ 1 (S St s Dy = (SEs+ DA ”A((ﬂ _(7))
2 (’7* /\)2 - K ('77 /\)3 K
21 (3.5.3) 9A] Qdoja A BHEAIH| A 2w o]
= Egste H ol

0 YR AR S
ohowebdl e gelel AHeIA
(3.52)% 2] (3.53)% Tdt] thee A

E(]) = E(]low)+ E(]high)

1 (5= s)Sts D), 5(5(%58% s3] )
2

A=8)- K A—pB)?- K

(3.5.4)

LA S St s =Dy = (s +DA) | M((A)S_(A)S)
2 (=N - K
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HEgTE e 5 vk

rlo

W, el 2

BE(T;) E(Ty)

EC(s,8) = ¢, F(I)+ ¢, () + Chign E((C) )—I— ClossAX2(0) . 4.1.1)
E(T,
= ChE(]) + Clow + (chiyh - Clow)m+ Closs)‘XQ(O)

2 @1.DA B(1,)/E(C) & E(T,)/BE(C)= 247 b7deel oo Adef
A sk 717 2 & YA 7|17 RS SEolnR 2 34.9)F (3.4.17)

b
ol &3t Hu& deth

E(T, 5
EE(CLY)) :k:Z+1X1 (]C) 4.1.2)
- S 1 ﬂ k*s_
=2 KGN [(T) 1}
/6 S—s
. 8-=s n ﬁ(l_(x) )
W=8)-K  (A=p?-K
E(T S—1
E((0H)> =§Ox2(1€) (4.13)
s S—1
- ZXQ(HJF Z XQ(k)
k=0 k=s+1

olAl A (3.54), (4.12) D (4.13)% 4 4.1.1)°)] o] &3ste] Gt F M| &

& Hxg e A4 5 2 58 FPete FA AT BT
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15‘“'
20’
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