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I. INTRODUCTION

One of the basic problems in the differential geometry is
studying the set of curvature functions which a given manifold
possesses.

The well-known problem in differential geometry is whether
there exists a warping function of warped metric with some pre-
scribed scalar curvature function. One of the main methods of
studying differential geometry is by the existence and the nonex-
istence of a Lorentzian warped metric with a prescribed scalar
curvature function on some Lorentzian warped product mani-
fold. In order to study these kinds of problems, we need some
analytic methods in differential geometry.

For Riemannian manifolds, warped products have been useful
in producing examples of spectral behavior, examples of man-
ifolds of negative curvature (cf. [B.K], [B.O], [D.D], [D.D.V],
[D.G], [Eb], [Ej], [G.L], [K.K.P], [L.M], [M.M]), and also in
studying Ls—cohomology (cf. [Z]).

For Lorentzian manifolds, warped products have been used
widely in studying the space-times (cf. [Al], [B.E.P], [E.J.K],
(G], [J], [J.L], [J.K.L.S 1, 2, 3], [P]). Since warped product have
been proven important in global Riemannian geometry, it is thus
not surprising that the equivalent Lorentzian concept is also
quite useful.

Perhaps even more interestingly on physical grounds than
purely Riemannian constructions employing warped products,
many of known exact solutions of the Einstein field equations
of General Relativity are warped product metrics of the form
B x; F, where (B, gp) is a Lorentzian manifold and (F, gr) is
a Riemannian manifold. The most notable class of examples is
the Robertson-Walker space-times of cosmology theory as well

1



as the Schwarzschild space-time. So, in Lorentzian geometry,
the warped product is also widely used for studying space-times
with various applications (cf. [Al], [D.D.V], [D.V.V], [G], [M],
etc.).

A space-time (M, g) is said to be geodesically complete if
all geodesics of (M, g) are complete. Also, (M, g) is said to be
nonspacelike (resp. null, timelike) geodesically complete if all
nonspacelike (resp. null, timelike) geodesics are complete.

In recent work, we have considered the problem of scalar cur-
vature functions on semi-Riemannian warped product manifolds
and obtained partial results about the existence and nonexis-
tence of semi-Riemannian warped metric with some prescribed
scalar curvature function (cf. [J], [J.K.L.S 1, 2, 3], [J.L]).

In [J.L], when N is a compact Riemannian manifold, we dis-
cuss the method of using warped products to construct timelike
or null future complete Lorentzian metrics on M = [a,b) x; N
with specific scalar curvatures, where a and b are positive con-
stants.

In this paper, using upper solution and lower solution meth-
ods, we consider the solution of some partial differential equa-
tions on a warped product manifold. That is, we express the
scalar curvature of a warped product manifold M = B x; I in
terms of its warping function f and the scalar curvatures of B
and F'.

In a recent study [L 1, 2], M.C. Leung have studied the prob-
lem of scalar curvature functions on Riemannian warped prod-
uct manifolds and obtained partial results about the existence
and nonexistence of Riemannian warped metric with some pre-
scribed scalar curvature function. In this paper, we study the ex-
istence and nonexistence of Lorentzian warped metric with pre-



scribed scalar curvature functions on some Lorentzian warped
product manifolds.

By the results of Kazdan and Warner ([K.W 1, 2, 3]), if N is
a compact Riemannian n—manifold without boundary, n > 3,
then N belongs to one of the following three catagories:

(A) A smooth function on N is the scalar curvature of some
Riemannian metric on N if and only if the function is negative
somewhere.

(B) A Smooth function on N is the scalar curvature of some
Riemannian metric on N if and only if the function is either
identically zero or strictly negative somewhere.

(C) Any smooth function on N is the scalar curvature of some
Riemannian metric on V.

This completely answers the question of which smooth func-
tions are scalar curvatures of Riemannian metrics on a compact
manifold N.

In [K.W 1, 2, 3], Kazdan and Warner also showed that there
exists some obstruction of a Riemannian metric with positive
scalar curvature (or zero scalar curvature) on a compact mani-
fold.

For noncompact Riemannian manifolds, many important works
have been done on the question of how to determine which
smooth functions are scalar curvatures of complete Riemannian
metrics on an open manifold. Results of Gromov and Law-
son ([G.L]) show that some open manifolds cannot carry com-
plete Riemannian metrics of positive scalar curvature, for ex-
ample, weakly enlargeable manifolds. Furthermore, they show
that some open manifolds cannot even admit complete Rieman-
nian metrics with scalar curvatures uniformly positive outside
a compact set and with Ricci curvatures bounded ( [L.M], p.



322).

On the other hand, it is well known that each open manifold
of dimension bigger than 2 admits a complete Riemannian met-
ric of constant negative scalar curvature ([B.K]). It follows from
the resutls of Aviles and McOwen ([A.M]) that any bounded
negative function on an open manifold of dimension bigger than
2 is the scalar curvature of a complete Riemannian metric.

In [B.K] and [L 1, 2], authors considered the scalar curvature
of some Riemannian warped product and its conformal deforma-
tion of warped product metric. And also in [E.J.K], the authors
considered the existence of a nonconstant warping function on
a Lorentzian warped product manifold such that the resulting
warped product metric produces the constant scalar curvature
when the fiber manifold has the constant scalar curvature.

Ironically, even though there exists some obstruction of posi-
tive or zero scalar curvature on a Riemannian manifold, results
of [E.J.K], say, Theorem 3.1, Theorem 3.5 and Theorem 3.7 of
[E.J.K] show that there exists no obstruction of positive scalar
curvature on a Lorentzian warped product manifold, but there
may exist some obstruction of negative or zero scalar curvature.

In [J], the author considered the existence of a warping func-
tion on a Lorentzian warped product manifold M = [a, 00) x s N.
Similarly in [J.K], authors also considered the existence of a
warping function on a Lorentzian warped product manifold M =
(—o00,00) x¢ N.

In this paper, when N is a compact Riemannian manifold,
we discuss the method of using warped products to construct
timelike or null future completeness of Lorentzian metrics on
M = [a,00) x5 N with specific scalar curvatures, where a is
a positive constant. It is shown that if the fiber manifold N



belongs to class (A), (B) or (C), then M admits a Lorentzian
metric with some prescribed scalar curvature outside a compact
set.

This thesis is constituted as follows:

In Chapter II, we introduce the basic concepts and some re-
sults about warped product manifolds.

In Chapter III, when N is a compact Riemannian manifold,
we discuss the method of using warped products to construct
timelike or null future complete Lorentzian metrics on M =
la,00) x ¢ N with specific scalar curvatures. It is shown that if
the fiber manifold NV belongs to class (A) or (B), then M admits
a Lorentzian metric with negative scalar curvature approaching
zero near the end outside a compact set.

In Chapter IV, it is shown that if the fiber manifold N of M =
la,00) x ¢ N belongs to class (C), then M admits a Riemannian
metric of positive scalar curvature.



II. PRELIMINARIES ON A WARPED PRODUCT
MANIFOLD

First of all, in order to derive a partial differential equation,
we need some definitions of connections, curvatures and some
results about warped product manifolds.

Definition 2.1 A Lorentzian manifold (M, g) is a connected
smooth manifold of dimension > 2 with a countable basis to-
gether with a smooth Lorentzian metric g of signature (—, +,

+,--+,+). The Lorentzian manifold (M, g) is said to be a space-
time if jin addition, (M, ¢g) may also be given a time orientation

([0]).

Definition 2.2 A tangent vector v € T,M is classified as time-
like, nonspacelike, null or spacelike if g(v,v) is negative, nonpos-
itive, zero, or positive, respectively:

(1) g(v,v) <0, (timelike)

(2) g(v,v) <0, (nonspacelike or causal)
(3) g(v,v) =0, (null or lightlike)

(4) g(v,v) >0, (spacelike)

The set of all null vectors in T,(M) is called the nullcone at
p € M and null vectors are also said to be lightlike.

Definition 2.3 A vector field X on M is timelike if g(X (p), X (p)) <
0 at all points of p € M. A Lorentzian manifold with a given
timelike vector field X is said to be time-oriented by X. A
space-time is a time-oriented Lorentzian manifold.

Not all Lorentzian manifolds may be time oriented, but a
Lorentzian manifold which is not time orientable always admits
a two-fold covering which is time orientable.
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Definition 2.4 Let X(M) denote the set of all smooth vector
fields defined on M, and let F(M) denote the ring of all smooth
real-valued functions on M. A connection V on a smooth man-
ifold M is a function

Y X(M) x X(M) — X(M)

such that

(D1) VyW is §—linear in V,

(D2) VyW is R—linear in W,

(D3) Vy(fW) = (V)W + fVyW for f € F(M).

(D4) [V, W] =VyW — ViV, and

(D5) <V, W) = (VxV,W) + (V. VxW)
for all X, V,W € X(M).

If V satisfies axioms (D1) ~ (D3), then VyW is called the
covariant derivative of W with respect to V' for the connection
V. If, in addition, V satisfies axioms (D4) ~ (D5), then V is
called the Levi-Civita connection of M, which is characterized
by the Koszul formula ([O]).

A geodesic ¢ : (a,b) — M is a smooth curve of M such that
the tangent vector ¢’ moves by parallel translation along c. In
other words, ¢ is a geodesic if

Ved =0. (geodesic equation)

A pregeodesic is a smooth curve ¢ which may be reparametr
ized to be a geodesic. Any parameter for which c is a geodesic is
called an affine parameter. If s and t are two affine parameters
for the same pregeodesic, then s = at + b for some constants
a,b € R. A pregeodesic is said to be complete if for some affine
parameterizion (hence for all affine parameterizations) the do-
main of the parametrization is all of R.
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The equation V¢ = 0 may be expressed as a system of linear
differential equations. To this end, we let (U, (x!, 2%, ---  2"))
be local coordinates on M and let {%, %, e %} denote the
natural basts with respect to these coordinates.

The connection coefficients Ffj of V with respect to (z!,--- ,2")

are defined by
0 ", 0

o (—) = I'".——. (connection coefficients
ol 8x3) Y Oxk ( )

\Y

Using these coefficients we may write the equation as the system

n o
d?a® . dxt da?

dt2 +ij:1 Ut dt

= 0. (geodesic equations)

Definition 2.5 The curvature tensor of the connection V is
a linear transformation valued tensor R in Hom(X(M),X(M))
defined by:

R(X,)Y)=VxVy - VyVx — Vixy]
Thus, for Z € X(M),
R(X,)Y)Z =VxVyZ —VyVxZ —Vixy|Z.

It is well-known that R(X,Y)Z at p depends only upon the
values of XY, and Z at p ([O]). If w € T;M is a cotangent
vector at p and z,y, 2z € T,M are tangent vectors at P, then one
defines

Rw,z,y,2) = (w, R(X,Y)Z) =w(R(X,Y)Z)



for X,Y, and Z smooth vector fields extending x,y, and z, re-
spectively.

The curvature tensor R is a (1,3) tensor field which is given
in local coordinates by

Z —®d:1:7®dx ®Q dx™

1,7,k,m=1

Z' .
where the curvature components Ry, are given by

ar', ar;w "

{ _ mj 1
jkm T Oxk T +Z T k] ma)
Notice that R(X,Y)Z = —R(Y, X)Z Rw,X,Y, Z) =
—R(w,Y, X, Z), and R;km = —R} . Furthermore, if X =

ZXzaal, Y = ZYZa L =7 2“ and w = Y w;dx’, then

r 0
ZIXkym _—
. Z km 8:1;‘2
i,5,k;m=1
and
R(w, X,Y,Z) Z o w; 29 XEY ™
i,5,k;m=1
.0 0 0 :
Consequently, one has R(dx", D 8x3) ;km

Definition 2.6 From the curvature tensor R, one nonzero tensor
(or its negative) is obtained by contraction. It is called the

Ricci tensor. Its components are R;; = ZRfkj. The Ricci



n

tensor is symmetric and its contraction S = Z R;; g" is called
ij=1

the scalar curvature ([Au],[B.E], [B.E.E]).

Definition 2.7 Let ¢ : M — N be a smooth mapping. If
A € FU(N) with s > 1, that is, an (0, s) tensor over T, (N), let

(¢*A)(U17 U2, - 77}8) = A(d¢(vl)7 T 7d¢(”8))

for all v; € T,(M), p € M. Then ¢*(A) is called the pullback of
A by ¢ ([0]).

At each point p in M, ¢*(A) gives an R-multilinear function
from T),(M)® to R, that is, an (0, s) tensor over T,(M). In the
special case if a (0,0) tensor f € F(N) is given, the pullback to
M is defined to be ¢*(f) = fo¢ € F(M). Note that ¢*(df) =
A" f).

Remark 2.8 We are ready at last to define the Lorentzian
distance function

d=d(g): M x M —s [0, 0]

of an arbitrary space-time. If ¢ : [0,1] — M is a piecewise
smooth nonspacelike curve differentiable except at 0 = t; <
ty < --- <ty =1, then the length L(c) = Ly(c) of c is given by
the formula

W=y [ Vo e

If there is a smooth future directed timelike curves from p
to ¢, then there are timelike curves from p to g (very close to
piecewise null curves) of arbitrarily small length.

10



Proposition 2.9 A spacelike or timelike pregeodesic « : [0,b) —
M is complete (to the right) if and only if it has infinite length.
Proof. See p.154 in [O]. O

This is clear since the unit speed reparametrization of « is a
geodesic defined on the interval [0, L(«)). In this way it is easy
to check that the Poincaré half-plane H? is complete.

Example 2.10. A typical semicircular pregeodesic in H? «/(s) =
(sin s, cos s), 0 < s < %, has < a',a >= sec’s, hence

L(a) :/2sec sds = 0.
0

For null geodesics there is no such simple criterion, but null
geodesics are often easier to compute.

Definition 2.11 Suppose €2 is a smooth, bounded domain in
R" and let g : 2 x R — R be a Carathéodory function. Let
uy € Hy?(92) be given. Consider the equation
Au=g(r,u) in €,
U = U on Of).
u € H'2(Q) is a (weak) sub-solution if u < ug on 9§ and

/Vquoda:Jr/g(a:,u)gpdeO for all ¢ € C5°(2), ¢ > 0.
0 Q

Similarly v € H'?(Q) is a (weak) super-solution if in the above
the reverse inequalities hold.

We briefly recall some results on warped product manifolds.
Complete details may be found in [B.E], or [O]. On a semi-
Riemannian product manifold B x F, let m and o be the projec-
tions of B x F onto B and F, respectively, and let f > 0 be a
smooth function on B.

11



Definition 2.12 The warped product manifold M = B x; I is
the product manifold M = B x F' furnished with metric tensor

g=1"(g5) + (f om)°c"(9r)
where gp and g are metric tensors of B and F|, respectively. In
other words, if v is tangent to M at (p,q), then

g(v,v) = gp(dn(v),dr(v)) + f*(p)gr(do(v), do(v)).
Here B is called the base of M and F the fiber([O]).

We denote the metric g by ( , ). In view of Remark 2.13 (1)
and Lemma 2.14, we may also denote the metric gg by ( , ).
The metric gp will be denoted by ( , ).

Remark 2.13 Some well known elementary properties of the
warped product manifold M = B x; F' are as follows:

(1) For each g € F, the map 7|,-1(j)=px, is an isometry onto B.
(2) For each p € B, the map o|;-1(,)—pxr is a positive homothetic
map onto F' with homothetic factor ﬁ.

(3) For each (p, q) € M, the horizontal leaf B x ¢ and the vertical
fiber p x F are orthogonal at (p, q).

(4) The horizontal leaf 071(q) = B x ¢ is a totally geodesic
submanifold of M and the vertical fiber 771(p) = p x F is a
totally umbilic submanifold of M.

(5) If ¢ is an isometry of F, then 1 X ¢ is an isometry of M, and
if ¢ is an isometry of B such that f = f o, then ¢ x 1 is an

isometry of M.

Recall that vectors tangent to leaves are called horizontal and
vector tangent to fibers are called vertical. From now on, we will
often use a natural identification

T(p7q)(B ><f F) = T(p,q)(B X F) = TpB X TqF

12



The decomposition of vectors into horizontal and vertical
parts plays a role in our proofs. If X is a vector field on
B, we define X at (p,q) by setting X(p,q) = (X,,0,). Then
X is m—related to X and o—related to the zero vector field
on F. Similarly, if Y is a vector field on F, Y is defined by

Y(p,q) = (0p, ).

Lemma 2.14 If A is a smooth function on B, then the gradient
of the lift hom of h to M is the lift to M of gradient of A on B.

Proof. We must show that grad(hom) is horizontal and 7-related
to grad h on B.

If v is a vertical tangent vector to M, then < grad(hom),v >=
v(hom)=dnr(v)h =0, since dr(v) = 0.
Thus grad(h o 7) is horizontal. If z is horizontal,

< dm(grad(hom)),dr(z) >=< grad(hom),x >
=z(hom)=dn(x)h =< grad h,dr(z) > .

Hence at each point, dr(grad(h o 7)) = grad h. O

In view of Lemma 2.14, we simplify the notations by writing
h for hom and grad(h) for grad(hom). For a covariant tensor A on
B, its lift A to M is just its pullback 7*(A) under the projection
m: M — B. That is, if A is a (1,s)—tensor, and if vy,--- ,vs €
T M, then A(vy,--- ,v,) = A(dm(vi), - ,dr(vs)) € Ty(B).
Hence if vy is vertical, then A = 0 on B. For example, if f is a
smooth function on B, the lift to M of the Hessian of f is also
denoted by H/. This agrees with the Hessian of the lift f o7
generally only on horizontal vectors. For detailed computations,
see Lemma 5.1 in [B.E.P].

13



Now we recall the formula for the Ricci curvature tensor Ric
if the warped product manifold M = B x; F. We write RicP for
the pullback by 7 of the Ricci curvature of B and similarly for
Rict.

Lemma 2.15 On a warped product manifold M = B x; I’ with
n =dimF > 1, let X,Y be horizontal and V, W vertical.
Then

(1) Ric(X,Y) = Ric®(X,Y) — "H/(X,Y)

(2) Rie(X,V) =0
(3) Ric(V,W) = Ric"(V,W) —(V, W) f*,

where f# = % + (n — 1)<grad(f§;§rad(f)>, and Af = trace(H/) is
the Laplacian on B.

Proof. See Corollary 7.43 in [O]. O]

On the given warped product manifold M = B x I, we also
write S for the pullback by 7 of the scalar curvature Sp of B
and similarly for S¥. From now on, we denote grad(f) by Vf.

Corollary 2.16 If S is the scalar curvature of M = B x; I
with n =dim F' > 1, then

(2.1) S:SB%—i—j—Zn%—n(n—l)

where A is the Laplacian on B.

(V£ V)
f2

Proof. For each (p,q) € M = BxF, let {e;} be an orthonormal
basis for T,B. Then by the natural isomorphism {&; = (e;,0)} is

14



an orthonormal set in T{, 4 M. We can choose {d;} on T, F' such
that {e;,d;} forms an orthonormal basis for 7}, ;M. Then

1= (dj,d;) = f(p)*(dj,d;) = (f(p)d;, f(p)d;)

which implies that { f(p)d,} forms an orthonormal basis for T}, F.
By Lemma 2.15 (1) and (3), for each ¢ and j

Ric(e;, &) :Ric (€7,¢) Z Hf (€, €),

and

e(d;. d; (T Af VI, Vf
Ric(d;, ;) = Ric" (d},d;) — f*(dj, dj) (=~ < (2 :

Hence, for ¢, = g(€;,€;), ¢ = 1,...,m and ¢; = g(d_j’d_j)’ j =
m-+1,....m-+n

+(n—1) ).

S(p7 Q) = Z Eallna

= Zsszc €,¢) + ZEJRZC d_ d_

s* Af (VL V)
= SB(p,q) + = —2n—= —n(n — 1)L
(P, q) 7 7 (n—1) 7
which is a nonlinear partial differential equation on B x ¢ for
each ¢ € F. ]

15



III. FIBER MANIFOLDS IN CLASS (A) OR (B)

Let (N,g) be a Riemannian manifold of dimension n and
let f: ]a,00) — RT be a smooth function, where a is a posi-
tive number. The Lorentzian warped product of N and [a, c0)
with warping function f is defined to be the product manifold
([a,00) x ¢ N, g') with

(3.1) g =—dt’ + f*(t)g
Let R(g) be the scalar curvature of (IV,g). Then the scalar

curvature R(t,x) of ¢’ is given by the equation

1 7 / 2
- fQ(t){R(g)(x)+2nf(t)f () +n(n =D (O}

for t € [a,00) and x € N. (For details, cf. [D.D] or [E.J.K])
If we denote

(3.2) R(t,z)

u(t) = f5(1), t>a,
then equation (3.2) can be changed into

4n
n+1

(3.3) W(t) — R(t, z)u(t) + R(g)(x)u(t) 71 = 0.

In this paper, we assume that the fiber manifold N is a
nonempty, connected and compact Riemannian n-manifold with-
out boundary. Then, by Theorem 3.1, Theorem 3.5 and Theo-
rem 3.7 in [E.J.K], we have the following proposition.

Proposition 3.1. If the scalar curvature of the fiber manifold
N is a constant, then there exists a nonconstant warping func-
tion f(f) on [a,00) such that the resulting Lorentzian warped

16



product metric on [a, 00) X f N produces positive constant scalar
curvature.

Proposition 3.1 implies that in Lorentzian warped product
there is no obstruction of the existence of metric with positive
scalar curvature. However, the results of [K.W.1] show that
there may exist some obstruction about the Lorentzian warped
product metric with negative or zero scalar curvature even when
the fiber manifold has constant scalar curvature.

Remark 3.2. Theorem 5.5 in [P] implies that all timelike
geodesics are future (resp. past ) complete on (—00, +00) X N

if and only if j;:oo (%)% dt = 400 (resp. fflo ()% dt =
+00) for some t; and Remark 2.58 in [B.E| implies that all
null geodesics are future (resp. past) complete if and only if
ft:roo vidt = +o0 (resp. ff‘(’)o vadt = 400) for some ¢ (cf. Theo-
rem 4.1 and Remark 4.2 in [B.E.P]. In this reference, the warped

product metric is ¢’ = —dt? + v(t)g).

If N admits a Riemannian metric of negative or zero scalar
curvature, then we let u(t) = t* in equation (3.3), where a €
(0,1) is a constant, and we have

4n

1
n+1oz(1—oz)—<0, t>a.

t2
Therefore, from the above fact, Remark 3.2 implies the fol-

R(t,x) < —

lowing:

Theorem 3.3. For n > 3, let M = [a,00) x;y N be the
Lorentzian warped product (n + 1)-manifold with N compact
n-manifold. Suppose that N is in class (A) or (B). Then on

17



M there is a future geodesically complete Lorentzian metric of
negative scalar curvature outside a compact set.

We note that the term a(1 — «) achieves its maximum when
1 . . . .
a = % And when u =tz and N admits a Riemannian metric of
zero scalar curvature, we have

If R(t,z) is the function of only t-variable, then we have the
following proposition.

Proposition 3.4. If R(g) = 0, then there is no positive solution
to equation (3.3) with

dn ¢ 1
R(t) < — T ( t>1t
() = ntl 4 ¢ O =
where ¢ > 1 and ¢ty > a are constants.
Proof. See Proposition 2.4 in [J]. O]
In particular, if R(g) = 0, then using Lorentzian warped

product it is impossible to obtain a Lorentzian metric of uni-
formly negative scalar curvature outside a compact subset. The
best we can do is when u(t) = t2, or f(t) = t#1, where the
scalar curvature is negative but goes to zero at infinity.

Proposition 3.5. Suppose that R(g) =0 and R(t,z) = R(t) €
C*>([a,00)). Assume that for ¢ > t, there exist an (weak) up-
per solution u, (t) and a (weak)lower solution u_ (%) such that
0 < u_(t) < wuy(t). Then there exists a (weak) solution u(t) of
equation (3.3) such that for ¢t > ¢y, 0<u_(t) <wu(t) < wuy(t).

18



Proof. See Theorem 2.5 in [J]. O]

Theorem 3.6. Suppose that R(g) = 0. Assume that R(t,z) =
R(t) € C*([a,00)) is a function such that
dn c1 4dn
—— < R(t) <
n+ 14 (t) < n+1
where t) > a, b >0, 0 < ¢ < 1 and s(> 0) are constants. Then
equation (3.3) has a positive solution on [a, 00).

bt® for t > to,

Proof. Since R(g) = 0, put uy(t) = 2. Then v’ (t) = Z>72.
Hence

n dn —1 1

t) — R(tyu, (t) = 272 — R(t)t2
dn 1 —1 n+1
— te[—t 2 — R(t
n—+1 | 4 4dn (®)
dn 1 1
< ~27* -1+ <0
< oI1d [—14¢]
Therefore u (t) is our (weak) upper solution. And put u_(t) =
e ", where o > % is a positive constant. Then u” (t) =

e "[a?t?*7? — a(a — 1)t 2]. Hence

dn
—_— t) — R(t)u_(t
— (1) — Rtyu-(1)
4 (07 «
- n—flef (02272 — (o — 1)t — R(t)e ™
4 o
> n—fl 222 — aa — 1)t — bt*] > 0

for large ¢ and o such that a > 2. Thus, for large ¢, u_(t) is a
(weak) lower solution and 0 < u_(t) < uy(t). So, by Proposition

19



3.5, equation (3.3) has a (weak) positive solution u(t) such that
0 <u_(t) <u(t) <wuy(t) for large ¢. O

Corollary 3.7. Suppose that R(g) = 0. Assume that R(t,z) =
R(t) € C*([a,0)) is a function such that

dn c1 dn 1
- = <R < b— for t>to,
nriap <) s Tmby for 0

where t0>a,0<c<1and0<b<w;ﬂe constants.

Then equation (3.3) has a positive solution on [a,00) and on
M the resulting Lorentzian warped product metric is a future
geodesically complete metric.

Proof. We take the same (weak) upper solution . (t) = ¢z as
in Theorem 3.6. Since R(g) = 0 and R(t) < %bt%, we take the
lower solution u_(t) = ¢~ where the constant 3(0 < 8 < )
will be determined later. Then u” (t) = (8 + 1)t =2, Hence

4n 4n _a_ dn 1
— () = Ru-() 2 ——=B(B+ 1)t g bt 8
4n
= — ¢ 72 1) —b| >

n+1

if B is sufficiently close to “5=. Thus u_(t) is a (weak) lower
solution and 0 < u_(t) < wuy(¢t) for large t. Hence Proposition
3.5 implies that equation (3.3) has a (weak) positive solution
u(t) such that 0 < u_(t) < u(t) < uy(t) for large t. And since

B is sufficiently close to ”TH, —nz—fl + 1 > 0. Therefore

20



2
141

+00
> / u_(t) ot
fo \/1 Fu_ ()
400 — 28
t n+1
_ / LG
o \[1 4t
1 +00

>
V2

<

26
t ntidt = 400

and

- Ft)dt = /+OO w(t) i dt

to to
+00 , too
> / u_(t)idt = / tndt = 400,
to t[)
which, by Remark 3.2, implies that the resulting warped product
metric is a future geodesically complete one. ]

Theorem 3.8. Suppose that R(g) = 0. Assume that R(t,z) =
R(t) € C*([a,00)) is a function such that
4n

4n
bt=2 < R(t) <
n+1 ()_n—l—l

dt’,

where b, d, and s are positive constants. If b > w, then
equation (3.3) has a positive solution on [a, c0) and on M the re-
sulting Lorentzian warped product metric is not a future geodesi-
cally complete metric.

21



Proof. Put u_(t) = e, where a > #£2 is a positive constants.
Then u” (t) = e " [a?t?*2? — a(a — 1)t*7?]. Hence

dn
t) — R(t)u_(t
! (£) = R(tu(1)
4 (03 «
— n_—fl —t [ 2t2a 2 Oz(oz— 1)ta—2] —R(t)e_t
4 o
— n —t [ 2t2a 2 Oz(Oz . 1)ta—2 . dts] 2 0

for large t and « such that o > *32. thus for large ¢ , u_(¢) is a
(weak) lower solution.

Since R(g) = 0 and R(t) > 7;4_47:119%2’ we take the upper solution
uy(t) = t7° where the constant §(§ > ") will be determined

later. Then v/ (t) = 6(6 + 1)t 7°~2. Hence

n 4n 59 dn 1 5
t) — R(t t) < o0+ 1)t — b—t
() — BJue(t) < ———=o(0+ 1) L
n 59
= t JO+1)—b <0
2554 1) ] <
if § is sufficiently close to ZF. Thus u(t) is a (weak)upper

solution and 0 < u_(t) < wuy(¢t) for large t. Hence Proposition
3.5 implies that equation (3.3) has a (weak) positive solution
u(t) such that 0 < u_(t) < u(t) < uy(t) for large . And since §

: - +1 26
is sufficiently close to *5=, —=5 + 1 < 0. Therefore
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/+oo< £(1)? )é - /+oo ye »
to 1+ f(t)? to m

+00

IA

n+1 dt

— dt < +o00

/+oo
J, !

" ryde = / )yt

to tO

+eo 2 oo 28
< / uy (t)ridt = / t nridt < +oo,

to to

which, by Remark 3.2, implies that the resulting warped product
metric is not a future geodesically complete one. ]

Remark 3.9. In case that R(g) = 0, and we see that the

function R(t) = -2 - ("HL(M?’) - % is a fiducial point whether

the resulting warped product metric is geodesically complete or
not. Note that u(t) =t~ "7 is a solution of equation (3.3) when

R(t) = n4f1 : (n+1£(n+3) %2 In case that u(t) =t~ "3 we know that

the resulting warped product metric is a geodesically complete
one.
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IV. FIBER MANIFOLDS IN CLASS (C)

In this section, we assume that the fiber manifold N of M =
la,00) x s N belongs to class (C), where a is a positive number.
In this case, N admits a Riemannian metric of positive scalar
curvature. If we let u(t) = t*, where a € (0,1) is a constant,
then we have

4 1 dn 11
" all —a)= > — n

-—, t>a.
27 n+14¢

R(t —
(t,x) > n+1

By the similar proof like as proposition 3.4, we have the follow-
ing:

Proposition 4.1. If R(g) is positive and R(t,x) is the function
of only t-variable, then there is no positive solution to equation
(3.3) with

An c1
R(t) < — —— f t >t
O)s—17q7e for t2t
where ¢ > 1 and ¢y > a are constants.
Proof. See Theorem 3.1 in [J]. O]

Proposition 4.1 implies that if R(g) is positive, then using
Lorentzian warped product it is impossible to obtain a Lorentzian
metric of uniformly negative scalar curvature outside a compact
subset.

If N belongs to (C), then any smooth function on N is the
scalar curvature of some Riemannian metric. So we can take a
Riemannian metic g on N with scalar curvature R(g) = -2k,

n+1
where k£ is a positive constant. Then equation (3.3) becomes
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dn 4dn
t
u(>+n+1

(4.1) ku(t)" 7 — R(t, 2)u(t) = 0.

n—+1

Proposition 4.2. Suppose that R(g) = T;“—flk and R(t,z) =
R(t) € C*(la,o0)). Assume that for ¢ > t;, there exist an
(weak) upper solution u, (t) and a (weak) lower solution u_(t)
such that 0 < u_(t) < u, (t). Then there exists a (weak) solution
u(t) of equation (4.1) such that for ¢ > 5,0 < u_(t) < u(t) <

Proof. See Theorem 3.2 in [J]. O]
If R(t,z) is the function of only t-variable, then we have the

following theorem about the existence of some warped product
metric.

Theorem 4.3. Assume that R(t,xz) = R(t) € C*([a,>0)) is a
positive function such that

4n C
— for t > t,
n—+ 1t

where ty > a, a < 2,and C,s,b are positive constants. Then
equation (4.1) has a positive solution on [a, 00).

4n
— bt > R(t) >
n+1 - ()_

Proof. We let u(t) =™ , where m is some positive number. If
we take m large enough so that mniJr1 > 2. then we have
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dn 4dn

/
o Ol

dn An 4 An C

Fu ()77 — R(t)u(t)

< t ku, () w1 — —u(t
 dn m[m(m—l) k C']
 on+1 £2 =

< 0, t>ty for some large t,

which is possible for large fixed m since o < 2. Hence u.(t)
is an (weak) upper solution. And we take the (weak) lower
solution u_(t) = t7° where 8 > 0 will be determined later.
Then v” (t) = (B8 + 1)t7°~2. Hence

dn 4dn |4
el () + k(1) — Rt (1)
4n 4n 4 4n
" Dt P20 T p )l — b5t B
> o AB+1) i L G e
4Tl 4
= =P Dt 2+ ktert? — 5] > 0
gt (BB + ke |2

for large t and large 3 such that niﬂﬁ > s. And it is also clear
that u_(t) is a (weak) lower solution and 0 < u_(t) < u,(t). By
Proposition 4.2, we can obtain a positive solution. [
Remark 4.4. In case that R(g) = -5k and — 2415 < R(t) <
7;“—}:1%, where k,d are positive constants, we do not know the
existence of solutions of equation (4.1)

Corollary 4.5. Assume that R(t,x) = R(t) € C*([a,0)) is a
positive function such that

26



dn . 4n C
n—l—lbt > R(t) > 1 for t > tg,
where 5 > a, a < 2, and C,s,b are positive constants. If
0 < s < 2, then equation (4.1) has a positive solution on [a, 00)
and on M the resulting Lorentzian warped product metric is a
future geodesically complete metric of positive scalar curvature

outside a compact set.

Proof. We take the same (weak) upper solution u,(t) = ™,
where m is some positive number, as in the proof of Theorem
4.3. And , as in the proof of Theorem 4.3, we also take the (weak)
lower solution u_(t) = ¢t~ where 8 > 0 will be determined later.
Then u” (t) = B(B + 1)t P72 Since 0 < s < 2, if 3 is very close
to ”TH, then 2 > niﬂﬁ > s. Hence

4TL /1 4TL 1—i

_— t ku_(t)  »1 — R(t)u_(t

S (1) + k()7 — R(u- (1)

4n 4n 4 4n
> Dt P24 —— k() ma — btst="
_n+16(6+) +n+1( ) T e

4n

= =7 1)t=2 4kt —bt%] > 0
o L Gy |2
for large t. And it is also clear that u_(¢) is a (weak) lower
solution and 0 < u_(t) < uy(t). Proposition 4.2 implies that
we can obtain a positive solution of equation (4.1). And since

26
—mg 1 >0, we get
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+00 —B8\2
2/ ™ g
Y
400
> £ dt = +o0

V2 Ji,

and

+00

+00 ) +oo Y
Flt)dt = / w(t)midt > / tridt = 400,
to to to

which, by Remark 3.2, implies that the resulting warped product
metric is a future geodesically complete one. ]

Remark 4.6. In case that R(g) = %k and 4di? < R(t)
where k, d are positive constants, we do not know whether or not
our resulting Lorentizian warped metric is a future geodesically
complete one.
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